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3. Assume a circular cone and a fixed line perpendicular to the axis of the 
cone. The fixed line and the axis of the cone may or may not be in the same 
plane. A plane revolving about the fixed line gives conic sections and it is the 
loci of the center and foci of these conics which were discussed. The center of 
the conic generates an hyperbola while the foci generate a fourth degree curve 
which, in general, has three double points, one of which may be isolated. In- 
teresting degenerate cases arise with both curves if the fixed line is tangent to 
the cone or intersects the axis of the cone. Most of the conclusions may be 
reached either geometrically or analytically. 


4. Inequalities of the type 


m 


F(x) Dofi(x)gi(x), 
i=1 


where the functions involved are non-negative and continous on an interval X, 
were discussed with a view to determining continuous functions /;(x), such that 
0<h;(x) Sg;(x), 


m 


F(x) = hi(x)fi(x), 
i=1 


and these functions take on assigned boundary values at points of X. The results 
were applied to a uniqueness proof for the differential equation y’ =f(x, y). 


5. Professor Curtiss pointed out the reduction of more general cases to prob- 
lems concerning polynomials and showed how propositions of elementary theory 
of equations (Rolle’s Theorem, Budan-Fourier Theorem, Sturm’s Theorem) can 
be extended to polynomials in two variables so as to apply to the maximum- 
minimum problem. 


P. H. Daus, Secretary 


THE MARCH MEETING OF THE MICHIGAN SECTION 


The eighth annual meeting of the Michigan Section of the Mathematical 
Association of America was held at the University of Michigan, Ann Arbor on 
March 21, 1931 in conjunction with the Michigan Academy of Science, Arts, 
and Letters. Professor Theodore Lindquist, chairman, presided. 

Fifty-seven persons registered, but over seventy were in attendance. The 
following forty members of the Association were present: N. H. Anning, 
W. L. Ayres, J. W. Baldwin, J. F. Barnhill, J. B. Brandeberry, Frances M. 
Brant, R. W. Clack, S. E. Crowe, Albertus Darnell, W. W. Denton, L. C. 
Emmons, C. M. Erikson, J. P. Everett, Peter Field, K. W. Folley, W. B. Ford, 
V. G. Grove, L. M. Graves, L. A. Hopkins, L. S. Johnston, D. K. Kazarinoff, 
K. D. Kelly, Theodore Lindquist, C. E. Love, E. B. Miller, A. L. Nelson, C. V. 
Newsom, Rufus Oldenburger, H. L. Olson, J. E. Powell, G. Y. Rainich, L. J. 


= 


304 MARCH MEETING OF THE MICHIGAN SECTION [June-July, 


Rouse, R. H. Schoonover, R. C. Shellenbarger, G. G. Speeker, C. E. Stout, 
A. G. Swanson, J. F. Thomson, C. C. Wagner, J. B. Winslow. 

During intermission Professor Lindquist appointed as the nominating com- 
mittee, Professor W. B. Ford, Professor R. C. Shellenbarger, Professor A. L. 
Nelson, and Professor L. A. Hopkins, who reported at the luncheon held at noon 
in one of the private dining rooms of the Michigan Union. Fifty-five persons at- 
tended this luncheon. 

The following officers were elected for the ensuing year: Chairman, J. P. 
Everett, Western State Teachers College; Secretary-Treasurer, L. A. Hopkins, 
University of Michigan ; Member of the Executive Committee, L. C. Emmons, 
Michigan State Colleze. 

Professor W. B. Ford, University of Michigan, announced a lecture to be 
given by Professor Harald Bohr of the University of Copenhagen on March 27 
at the University.of Michigan on “Almost Periodic Functions,” and invited all 
present to attend. 


The following eleven papers were read: 


1. “Matrix representations of Cremona transformations” by Mr. Rufus Ol- 
denburger, University of Michigan. 

2. “On teaching number theory” by Professor G. Y. Rainich, University of 
Michigan. 

3. “Some predictions of success in college from placement examination 
scores” by Professor L. C. Emmons, Michigan State College. 

4, “Existence theorems for the absolute minimum in the calculus of varia- 
tions” by Professor L. M. Graves, Visiting Professor from University of Chicago. 

5. “Mathematical theory of heat conduction and convection from a hot 
vertical plate” by Professor W. S. Kimball, Michigan State College, by invita- 
tion. 

6. “Mathematics in the training of Detroit teachers” by Professor A. L. 
Nelson, College of the City of Detroit. 

7. “A construction of the unit angle” by Professor R. H. Schoonover, College 
of the City of Detroit. 

8. “Results of examinations given to entering classes in Michigan colleges” 
by Professor J. P. Everett, Western State Teachers College. 

9. “Perfect fluid motion and modern aerodynamics” by Professor M. J. 
Thompson, University of Michigan, by invitation. 

10. “Singularities of a plane curve from the standpoint of its imaginary 
branches” by Mr. Hugh M. Ackley, Western State Teachers College, by in- 
vitation. 


11. “Graduation of experimental data,” by Professor H. C. T. Eggers, Uni- 
versity of Minnesota (on leave), by invitation. 


L. A. Hopkins, Secretary 
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THE HUMAN ASPECT IN THE EARLY HISTORY OF THE 
AMERICAN MATHEMATICAL MONTHLY! 


By B. F. FINKEL, Drury College 


Since, by request of the program committee, the human aspect of the early 
history of the American Mathematical Monthly is to be emphasized, I hope I 
may be pardoned for speaking more often in the first person than a due sense of 
modesty would permit. 

Why the American Mathematical Monthly? It may be of some interest to 
the younger members of the Mathematical Association of America, and per- 
haps to the older members as well, to know something of the early mathematical 
background of its founder. A number of the older members of this Association 
have been personally known to me throughout the existence of the Monthly, 
but I judge that most of the members here today have reached their majority 
since the founding of the Monthly. Many of these know very little of its early 
history and still less of its founder. 

I have been attending these winter meetings quite regularly for the past ten 
years, and, on being introduced to some of the younger members, I am some- 
times asked amusing questions. At a recent meeting one such member asked 
me if I was the son of the founder of the Monthly. At the Kansas City meeting 
in 1925 I chanced to meet a friend of the Monthly, a subscriber from the begin- 

| ning. I had never had the pleasure of meeting him before. Overhearing some- 
one asking me about Springfield, he leaned back over his chair and asked me if 
I knew that old man Finkel down there. I assured him that I had a somewhat 
intimate acquaintance with him. “Well,” he said, “you know he published a 
Mathematical Solution Book some years ago. Recently I needed an authority 
for the numeration of a certain large number in connection with a law case, and 
I wrote to Professor Cajori who referred me to Finkel’s book. A few weeks ago 
I bought a copy and I have been disseminating mathematical information from 
it among my friends ever since.” Then he added, “I should like to meet him 
some time.” “Well,” I said, “you are talking to him right now.” “Are you he?” 
he asked in surprise. “Why, I expected to see an old man, six feet tall, weighing 
two hundred pounds, with a long white beard reaching far below his vest.” 

By knowing something of the early life of the founder of the Monthly, a 
better understanding may be gained of the chief features characterizing the 
journal, as these are the realization of his early ideals. A superficial survey of 
the early volumes of the Monthly will, perhaps, readily disclose the fact that 
, the founder was not a mathematical genius; for such, unlike Antaeus, loses his 
strength when touching earth, but shines with effulgent glory when soaring 
among the clouds of mathematical research. I did know, however, that the 
fundamental branches of mathematics were poorly taught in our high schools 


1 A paper read before the Mathematical Association of America at its meeting at Cleveland, 
Ohio, January 1, 1931, by invitation of the program committee. 
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and academies, that the esprit de corps and mathematical knowledge of the 
teachers of elementary mathematics were lamentably lacking. 

My early knowledge of mathematics was very meagre and the outlook for 
future mathematical development very unpromising. Until I was seventeen 
years of age I had never seen a geometry or an algebra. I attended the Ridge 
country school in Fairfield County, Ohio, until I was eighteen, giving scant at- 
tention to the acquisition of knowledge of any kind. The older boys felt it en- 
cumbent upon them to make life as varied, active and uncomfortable for the 
teachers as possible. Disorder reigned supreme. When I was about twelve years 
old, R. V. Allen, a young man with grit and courage, was employed to teach the 
school and, after he had introduced himself by taking some of the older boys, 
who had bullied his predecessors, by the nape of the neck and shaking them as a 
dog shakes a rat, the atmosphere clarified, discipline followed, and order came 
out of chaos. Thus it was made possible for teachers following him, who had 
less muscle but more ability to impart knowledge, to devote themselves to the 
purpose for which they were employed, namely, the dispelling of the darkness of 
ignorance and the creation of the light of knowledge. 

What were the influences in such environment leading one to think of es- 
tablishing a mathematical journal? Shakespeare answers, “There is a divinity 
that shapes our ends.” A number of years ago I received from the publishers a 
brochure on astrology in which I found the answer: “Your stars are favorable.” 
In cataloging the chief elements of character entering into the lives of people 
born in Gemini, my constellation, the author says among other things, “These 
people are sensitive, intuitional, imaginative, idealistic, very fond of scientific 
knowledge, consequently often very studious, ambitious, aspiring, curious, given 
to investigation and experimentation, excellent reasoners, generally good 
writers, and they have the capacity to engage in two occupations at the same 
time. They make successful lawyers, lecturers, school teachers, and journalists, 
and as editors they have splendid facilities.’’ There you have the answer in the 
stars, every star millions of miles from where it was when I was born! 

To continue seriously: When I was fifteen years old, it was my good fortune 
to come under the influence of a very superior country school teacher. This was 
George W. Bates, and to him, next to my mother, I owe more than to any person 
who ever influenced my life. Though small in stature and crippled in limb, he 
was a man of unusual courage, unswerving honesty, unfailing firmness, and ac- 
curate judgment. It was due to his fine discipline and leadership that more 
teachers, preachers, lawyers and judges came from that school during the two 
years he taught there than in all the years since. My interest in mathematics 
was aroused at this time and it came about in this way. A certain problem was 
going the rounds of the country at that time as many problems have the habit 
of doing. This problem gained the attention of the fellows, young and old, who 
in those days gathered at the village store for the discussion and solution of 
questions of religion and politics. An older half-brother of mine, hearing it dis- 
cussed at one of these grocery-store sessions, brought it home to me to think 
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about. I took it to this teacher of mine and he explained how it could possibly 
be solved by geometry. But since I had never seen a geometry, it gave me little 
satisfaction to know that the problem could be solved by means of it. Neverthe- 
less, having studied Ray’s Third Part Arithmetic, I attempted to solve the 
problem by applying the rules of mensuration contained in that book. My 
efforts were crowned with success several years after my first attempt. This 
problem reads as follows: 


There is a ball 12 feet in diameter on top of a pole 60 feet high. On the ball stands a 
man whose eye is six feet above the ball. How much ground beneath the ball is invisible 
to him?! 


This perfectly senseless problem with no value whatsoever from the stand- 
point of modern educational theory, nevertheless was the borax in the mortar 
which retarded mental hardening until a time arrived when other elements 
could play their part in the active materials of a life, and it seems to me that 
such a result should be the test by which the value of a problem should be 
gauged. The so-called practical problems so sonorously insisted upon, if any 
problems at all are insisted upon by modern educators, are often the most im- 
practical from the standpoint of interest and consequent mental development 
of the pupil. The perfectly senseless problem, “If the third of six be three, what 
will the fourth of forty be,” is much more likely to arrest the interest of the pupil 
than the more practical concrete problem, “If one-third of six apples sell for 
three cents, what will one-fourth of forty apples sell for?” But modern educators 
have ruled against placing any such problems as the former in our elementary 
mathematical text books, and the authors of such books have heard their voice. 

When I was in my eighteenth year I left the country school to attend the 
Ohio Normal University at Ada, Ohio, now called the Ohio Northern Univer- 
sity, a name suggested by me. After spending a year at that school I began 
teaching in the country schools. It was at this time that a fellow teacher put 
into my hands a copy of the School Visitor, edited and published by John S. 
Royer. In this little magazine was conducted a Mathematics Department to 
which some very good mathematicians of the day often contributed. Among 
them I may mention Dr. Artemas Martin, editor and publisher of the Mathe- 
matical Magazine and the Mathematical Visitor, Washington, D.C.; Dr. William 
Hoover, professor of mathematics at the Ohio University at Athens; and Pro- 
fessor E. B. Seitz of the Kirksville, Missouri, Normal School, the world- 
renowned problem solver of his time. Professor Seitz contributed problems and 
solutions to every magazine in England and America in which was conducted a 
mathematical department. The Educational Times of London contains many of 
his finest solutions of some of the most difficult problems in the theory of proba- 
bility, and the more difficult a problem seemed to the average mind, the more 
ardently he attacked it. 


1 See Finkel’s Mathematical Solution Book, page 367. 
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Having become a subscriber to the School Visitor in 1884, I began contribut- 
ing problems to its pages. Later, as I gained in knowledge, I contributed solu- 
tions of the easier problems. A contemporary contributor to the Visitor at that 
time was the late Professor Wayland Dowling. In a conversation with him not 
long ago, I learned from him that he too had gained a love for mathematics 
through his contributions to that journal. Later I learned of Dr. Martin’s 
mathematical publications, purchased all the back numbers, and became a sub- 
scriber and contributor to both. Through these two publications I learned of 
The Educational Times of London, and became a subscriber and contributor to 
it. While again a student in the Ohio Normal University I conducted a mathe- 
matical department in the University Herald from 1887 to 1888, and for several 
years longer after graduating from that institution. 

While teaching in a country school in Union County, Ohio, in 1887 I began 
the writing of my Mathematical Solution Book, designed to aid in improving 
the teaching of elementary mathematics in the rural schools, high schools and 
academies, and got it ready for publication the following year. It was in con- 
nection with this enterprise that I met my first financial reverse. The printer 
who had undertaken the publication of the book failed after printing eighty- 
eight pages and borrowing two hundred dollars from me. It was not until 1893 
that I was able to bring out the first edition of one thousand copies. 

During these years from 1884 to 1893 I was teaching in the rural schools of 
Ohio, in the Fostoria Academy, and in the Gibson Male and Female Academy, 
Gibson, Tennessee. At the same time, at my leisure, I was contributing prob- 
lems and solutions to the journals already mentioned and, in addition, to the 
Ohio Educational Monthly, The School Messenger, and the Davenport, Iowa, 
Monthly. In 1890-91 I was superintendent of schools at North Lewisburg, Ohio, 
and in 1891-92 at West Middleburg, Ohio. I became thoroughly discouraged 
and disheartened because of the dishonorable political methods used in securing 
positions in most of the city schools in Ohio, and decided to quit the public 
school and join my good friend, Professor G. W. Shaw, Principal of Kidder 
Institute, Kidder, Missouri. It was while Professor Shaw was principal of Fos- 
toria Academy that he invited me to become a member of his faculty there. 
The remuneration at Kidder Institute was not very lucrative, the routine work 
of teaching quite heavy—amounting often to forty-five three-quarter-hour 
periods per week. The management of the school, however, was free from every 
form of petty politics so deadening to intellectual honesty and spiritual develop- 
ment. In an atmosphere of that sort one may often ascend to the mountain 
heights of imagination and get glimpses of things unseen rather than have one’s 
attention focussed on the sordid things of earth. 

The mathematical journals with which I was acquainted and to which I 
contributed, and for which I waited anxiously at the stated times of their ap- 
pearance, were for the most part irregular in reaching me on schedule time. Dr. 
Martin’s two journals appeared only “semi-occasionally.” In passing, I wish 
to say that everything connected with the publication of the Mathematical 
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Magazine and the Mathematical Visitor, save the making of the wood-cuts, was 
done by Dr. Martin himself. The type-setting, the press work, binding and 
mailing were all done by his own hand. He owned a small hand press and a full 
line of mathematical type. This equipment he offered to give to me just before 
his death, but he died before he gathered them together for shipment. The typo- 
graphical composition of these two journals was pronounced by competent 
judges to be unsurpassed by any other mathematical typographical work done 
anywhere in the world. The School Visitor, edited and published by John S. 
Royer, was still making its appearance quite regularly. 

Knowing that the status of the mathematical teaching in our high schools 
and academies was very deplorable and even worse in the rural schools, I had 
the ambition to publish a journal devoted solely to mathematics and suitable 
to the needs of teachers of mathematics in these schools. With that idea in 
mind, I talked to Mr. E. J. Chubbuck, the editor and publisher of the local paper 
in Kidder, with reference to the publication of such a journal. Mr. Chubbuck 
was a young man about my age who also had ambition and courage, and he 
agreed to print, bind, and place in the mail the journal for just what he could 
make out of it after deducting postage and the cost of the wood-cuts. I decided 
to call the new publication THE AMERICAN MATHEMATICAL MONTHLY, a most 
ambitious title, as my friend Dr. E. H. Moore afterwards told me. With the 
agreement with Mr. Chubbuck consummated, I began looking around for an 
associate. Having known of Professor John M. Colaw of Monterey, Virginia, 
through his contributions to the School Visitor, I laid my plans before him by 
correspondence and invited him to join me in the enterprise. He readily ac- 
cepted the invitation and became co-editor. These arrangements were made in 
the fall of 1893. 

Our next task was to solicit subscribers and contributions, a task to which 
Professor Colaw devoted himself whole-heartedly. I wrote to a number of high 
school teachers of mathematics, asking for their cooperation in the way of tak- 
ing subscriptions and sending in contributions for publication. The first person 
to respond to my solicitation was the distinguished, scholarly, and eminently 
successful superintendent of the Kansas City schools, Professor J. M. Green- 
wood. He enclosed his check for $2.00 in payment of his subscription for one 
year—the first money received with which to found the Monthly—and he as- 
sured me that he would call the attention of all his mathematics teachers to the 
new venture. I also wrote many letters to professors of mathematics in our uni- 
versities and colleges, asking their cooperation by securing subscribers and send- 
ing in contributions for publication. The first person from these sources to re- 
spond to my appeal was Professor George Bruce Halsted, professor of mathe- 
matics in the University of Texas, the “Stormy Petrel” in the mathematical 
world, one who was in his element when in the midst of a violent verbal storm 
initiated by himself or otherwise. In answer to my letter asking his cooperation 
in the establishing of the Monthly, Dr. Halsted was very enthusiastic in his 
approval of our undertaking and pledged his support by sending me a check for 
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$30.00, which amount he paid annually as long as he was in the University of 
Texas. He also promised contributions for publication. These were numerous 
and of a high order, though chiefly confined to the non-Euclidean geometry, on 
which subject he was America’s chief expounder. He continued his contribu- 
tions, though less frequently, during the whole time the Monthly was under my 
personal management. While I met Dr. Halsted personally but twice—once at 
Columbus, Ohio, in 1900 and once in St. Louis in 1904—he continued until his 
death to be one of my most loyal and devoted friends. Many other professors 
in our leading universities became subscribers, not because of any benefit to be 
derived personally, but merely to encourage and support the Monthly in getting 
under way. I wish I had time to mention all of them. I shall take time to name 
Professor E H. Moore of the University of Chicago, Professor W. E. Byerly of 
Harvard, Professor Edwin S. Crawley of the University of Pennsylvania, Pro- 
fessor Robert J. Aley of Indiana University, Professor Irving Stringham of the 
University of California, and Professor H. A. Newton of Yale. Professor Moore 
lent encouraging assistance and prestige by contributing several articles to the 
early volumes. Professor Aley answered my letter by sending me a list of sixteen 
subscribers and a check covering their subscriptions. For several years after- 
wards he kept sending subscriptions. I think he sent in more subscriptions than 
any one else. He also was a valued contributor to the Monthly’s pages. 

It soon became apparent to me that the teachers of mathematics in our high 
schools and academies and normal schools felt no need for such a journal as the 
Monthly. Whether these teachers were unaware of their lack of equipment for 
the work they were attempting to do, or whether they scorned the Monthly 
because of the presumption on the part of its editor that they were in need of 
such a stimulus, I never was able to learn. Nevertheless I think I am safe in 
saying that during the nineteen years when the Monthly was in my possession 
not more than a dozen high school teachers were on our subscription list at any 
one time. Thus it came to pass, in due process of time, that the field which the 
American Mathematical Monthly was designed to cultivate for the benefit of 
high school mathematics teachers particularly, became occupied by a more virile 
race of mathematicians, namely the teachers of college and university mathe- 
matics, particularly the former. The Monthly soon adapted itself to the needs 
of the field of collegiate mathematics and in that field it has made its most note- 
worthy contributions. It was my purpose from the first that the Monthly should 
become a sort of repository of mathematical material of lasting value, and with 
that in view that it should not contain reports or other material which di- 
minished in value with time. Thus in the early volumes no reports of any kind 
appear. 

The first number of the Monthly appeared the latter part of January, 1894. 
The introduction in this number sets forth the purposes of the Monthly. In it 
we read: 


It has seemed to the editors that there is not only room but a real need for a mathe- 
matical journal of the character and scope of the Monthly. At the present time there is no 
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mathematical journal published in the United States sufficiently elementary to appeal to 
any but a very limited constituency, and that comes to its readers at regular intervals. 
Most of our existing journals deal almost exclusively with subjects beyond the reach of the 
average student or teacher of mathematics or at least with subjects unfamiliar to them, and 
little, if any, space is devoted to the solution of problems. While not neglecting the higher 
fields of mathematical investigations, the American Mathematical Monthly will also en- 
deavor to reach the average mathematician, devoting regular departments to the important 
branches of mathematical science. 

It is recognized that those improvements in the science are most fruitful which lead to 
improvements in the elementary treatises, and yet it must be admitted that little has been 
accomplished by previous mathematical journals in this line, as the crudities and solecisms 
handed down from one textbook to another bear witness. While realizing that the solution 
of problems is one of the lowest forms of mathematical research, and that in general it has 
no scientific value, yet its educational value cannot be over-estimated. It is the ladder by 
which the mind ascends into higher fields of original research and investigation. Many 
dormant minds have been aroused into activity through the mastery of a single problem. 
The American Mathematical Monthly will, therefore, devote a due portion of its space to 
the solution of problems, whether they be the easy problems in arithmetic, or the difficult 
problems in the calculus, mechanics, probability, or modern higher mathematics. Papers 
and other interesting features will be presented, including the portraits of prominent mathe- 
maticians with their biographies, a column of queries and information in which readers may 
have information furnished and their doubts cleared up by aid of the contributors and edi- 
tors, a column of notes, and book reviews. 

No pains will be spared on the part of the editors to make this the most interesting 
and popular journal published in America. In order to do this, we must have the earnest 
cooperation of our readers, teachers and students, and all lovers of mathematics are, there- 
fore, cordially invited to contribute problems, solutions, and papers on interesting and im- 
portant subjects in mathematics. We will be pleased to note your successes, and all infor- 
mation of interest in regard to our contributors will be cheerfully received and noted. 


It is very gratifying to me to relate that one of the contributors to the first 
number of the Monthly was a young man in his nineteenth year doing graduate 
work under Dr. Halsted in the University of Texas, and giving promise at that 
age of becoming one of the foremost mathematicians of the world. The title of 
his article is, “Lowest integers representing the sides of a right-angled triangle.” 
The author is Leonard E. Dickson. Young Dickson also contributed an article 
on “The simplest model for illustrating the conic sections” in the August number 
of Volume I, and one on “The inscription of regular polygons” in the October, 
November, and December numbers. We shall have more to say of him later. 
Professor Robert J. Aley contributed a “Bibliography on the history of mathe- 
matics” and a list of mathematical periodicals. In the March number of Volume 
I, David Eugene Smith of the State Normal School, Ypsilanti, Michigan, later 
to become the well-known historian of mathematics and one of the leading 
teachers of mathematics in Teachers College, Columbia University, and author 
of many books on mathematics, contributed a critical note on “J. K. Ellwood’s 
Remarks on Division,” thus opening up the first controversy to be published in 
the American Mathematical Monthly. In this number also Professor Halsted 
began his series of articles on “Non-Euclidean Geometry, Historical and Exposi- 
tory,” a series continued through many succeeding numbers. 
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Professor George B. McClelland Zerr of Staunton, Virginia, a versatile 
problem solver, began in the first number his contributions of problems and 
solutions and continued contributing until his untimely death in October 1910. 
One of his great admirers asked me once what kind of food Professor Zerr lived 
on to enable him to solve so many difficult problems in so many different 
branches of mathematics. In my course in Byerly’s Fourier’s Series and Spher- 
ical Harmonics in the University of Pennsylvania we encountered the definite 
integral on page 79 of that text. Byerly merely refers to Bierens de Haan, 
Tables of Definite Integrals, for its value. The professor giving the course ex- 
pressed the desire to know how the integral was evaluated. That night I tele- 
phoned to Professor Zerr, who was then teaching chemistry in Temple College, 
Philadelphia, and asked him if he could evaluate the integral. The next morning 
almost before I was out of bed he brought me a complete solution. I gave this 
solution to the professor in charge of the course, who was then anxious to meet 
the man who could produce such a satisfactory solution in so short a time. 

For the early numbers of the first volume of the Monthly the wood-cuts 
were made by a Chicago engraver. In order to reduce expenses in publication 
of the Monthly, I undertook the making of the wood-cuts myself. My first effort 
in this new field was the wood-cut on page 71, Volume I, Number 3, which I 
made with a penknife. I made practically all the wood-cuts used to the end of 
the first nineteen volumes, except those appearing in the numbers issued during 
the two years in which I was doing graduate work at the University of Pennsyl- 
vania. In making arrangements for the wood-cuts in my absence from Drury 
College, I called on a Philadelphia wood-engraver. When I informed him that 
I had been making my own wood-cuts without ever having seen one made, he 
doubted my veracity. But when I told him that I made my first wood-cut with 
a penknife, he was certain that I was an impostor, for he assured me that a 
wood-cut could not be made with a penknife. The next time I went to see him 
I took several copies of the Monthly with me. I showed him cuts made by the 
Chicago engraver, asking him if they were all right. He said they were good. 
Then I showed him some of those I had made, and he assented that they, too, 
were good. As I was not a trained engraver I thought he could readily pick out 
my work by its defects, but he admitted that he could not tell any difference. 
I think I can pick out most of my work by its imperfections, for my work was 
often done at times when I ought to have been doing several other things. I am 
sorry that I did not have a copy of the cut I made with a penknife to show him. 
However, I employed this engraver to make the wood-cuts for the Monthly 
during the two years I was in Philadelphia. 

The publication of the second volume was entered upon with all euntiien 
tors and subscribers maintaining their allegiance to the Monthly. Beginning 
with the May number of Volume II, the first article on the Theory of Groups 
appeared. The author of the article has since become recognized as the greatest 
expounder of Group Theory in America. It would be interesting to know just 
how many articles on Group Theory have been published in Europe and Amer- 


I 


1931] EARLY HISTORY OF MATHEMATICAL MONTHLY 313 


ica since that time by our good friend Dr. G. A. Miller. Later Professor Miller 
became an associate editor of the Monthly. 

In June 1895, through the influence of Dr. Henry Hopkins, pastor of the 
First Congregational Church of Kansas City, Missouri, a member of the Board 
of Trustees of Kidder Institute and Drury College, I was elected to the profes- 
sorship of mathematics and physics at Drury College, Springfield, Missouri. 
This event foreshadowed a possible change in the affairs of the Monthly. On 
coming to Springfield, by an unusual combination of favorable circumstances, 
I found another young man in the person of S. A. Dixon, a printer by trade and 
owner of a printing office. Mr. Dixon was born and reared in Cleveland, I think, 
and was easily the best printer in Springfield at the time I went there. I took a 
copy of the Monthly with me to show him what it was. He said that, while he 
had never done any mathematical type-setting and had no mathematical type 
in his office, he thought if Mr. Chubbuck of Kidder could print it, he could. As 
a consequence, Mr. Dixon agreed to print, bind, and put in the mail the thirty- 
two-page issue of the Monthly for $30.00. But the price of labor and material 
rapidly rose and we were obliged to increase the price of publication, and this 
price always exceeded the income from subscriptions. We were thus forced 
either to increase the subscription price or to decrease the number of pages per 
issue; we chose the latter alternative. During all these more than seventeen 
years Mr. Dixon never received commercial prices for the work he did on the 
Monthly. Being an unusually swift and accurate type-setter himself, he set the 
type for the Monthly with his own hands and thus he was enabled to carry on 
its publication without serious financial outlay. Had he been obliged to put 
hired help on the type-setting, he could not have done the work at the price he 
received. Could we have paid him commercial rates so that he could have sup- 
plied himself with a larger and more varied assortment of type, he would have 
been able to turn out work in the way of typographical neatness and style that 
could not have been excelled by the most elaborately equipped establishment 
in the country. 

Having been assigned a graduate scholarship in the University of Chicago 
in the summer of 1895, I attended the second summer session, and it was then 
that I became personally acquainted with Leonard Eugene Dickson. Dickson 
had been appointed to a University Fellowship and was doing graduate work 
towards the degree of Doctor of Philosophy. During this and the following 
summer Mr. Dickson and I had many friendly conversations about the Monthly 
and its future. I speculated with him at that time as to the possibility of the 
University’s taking it over, thus to insure its permanency. After taking his de- 
gree at the University of Chicago, studying in Europe, teaching in the Univer- 
sity of California and in the University of Texas, Dr. Dickson was called in 1900 
to the University of Chicago as assistant professor of mathematics. On my way 
home to Springfield in September, 1902, I went through Chicago to call on him 
and to invite him to join me in the editorship of the Monthly. Not seeing his 
way clear at the time to give me a definite answer, he withheld his reply until 
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he could consider the matter more fully. After some meditation he wrote me 
saying that he would accept the co-editorship with me. The day of his decision 
was a red-letter day in the history of the Monthly. His official connection with 
the Monthly began with the October, 1902, number. 

During the two or three years previous to 1902, Professor Colaw and J. K. 
Ellwood were preparing a series of textbooks in arithmetic and geometry and 
thus Professor Colaw’s time was pretty well occupied so that he was able to do 
very little for the Monthly. Wishing to hold his connection with the Monthly 
and hoping that later he would be able to give his usual amount of time to it, I 
had kept his name on the cover as Assistant Editor. In order to consummate 
my arrangements with Dr. Dickson, Professor Colaw’s name was omitted en- 
tirely, and his connection was never renewed. Dr. Dickson maintained his offi- 
cial connection with the Monthly until the completion of Volume XIII, 1906, 
and in an advisory’ way until the end of Volume XV. This change in the affairs 
of the Monthly was brought about on account of his increased duties in the 
University and his desire to devote all of his leisure moments to investigations 
in a most attractive field of research. During the first year of my graduate study 
at the University of Pennsylvania, Dr. Dickson was editorially assisted by Dr. 
Saul Epstein, and the second year by Dr. O. E. Glenn. 

During Professor Dickson’s connection with the Monthly, the University of 
Chicago contributed a subsidy of $50.00 per year, thus helping to meet the ex- 
pense of publication. All cost of publication over receipts from subscriptions 
and this University subsidy was borne by me personally. No help of any kind 
was employed and no expenses incurred except those of printing, binding and 
mailing the Monthly. Mrs. Finkel helped me read practically all of the proof 
and often addressed all the wrappers herself. For the three summer numbers of 
Volume II she read the proofs alone. It was some task to proof-read type matter 
set up by the inexperienced type-setters at Kidder. The first galley sheet was 
so full of marks that no room was left on the margin to make further corrections. 
This often necessitated my going to the printing office as many as three times 
for each galley proof in order to insure comparative freedom from typographical 
errors. 

In severing his official connection with the Monthly, Professor Dickson sug- 
gested that his mantle be placed upon the shoulders of the aggressive, indomi- 
table, and persevering Professor H. E. Slaught. This move was strongly sup- 
ported by Professor E. H. Moore. Both Professor Slaught and I agreed to the 
suggestion, and thus was inaugurated a second red-letter day in the history of 
the Monthly. Soon after his connection with the Monthly began, Professor 
Slaught secured through the influence of Professor Townsend an annual sub- 
sidy of $50.00 from the University of Illinois and Professor G. A. Miller as 
editorial representative. 

One of the objects set forth in the founding of the Monthly was that it should 
reach its readers regularly each month. During the five or six years preceding 
1909 I was often obliged to state that an issue was delayed for one reason or 
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another. The chief reason was that our printers took on more work at times 
than their office force could handle, and as a consequence the Monthly was laid 
aside until the rush was over. This happened frequently even though I had a 
contract that drew a forfeit of five dollars for each day the Monthly was de- 
layed beyond the scheduled mailing date. As the type-setting for the Monthly 
was done by Mr. Dixon himself, and could not be done by anyone else in his 
office, any indisposition on his part for any reason whatsoever delayed the type- 
setting and consequently the mailing of the issue. When the Monthly was de- 
layed thus on account of illness or other unavoidable causes, I was very lenient 
and did not demand the forfeit. On one occasion on account of the illness of 
Mr. Dixon I remitted the forfeit. Later in the same year when the Monthly was 
delayed a week or two I demanded the forfeit. Its payment, however, was re- 
fused on the ground that I had violated the contract by having remitted the 
previous forfeit. I then asked Mr. Dixon if that was the basis on which he was 
going to transact business and he said it was. I said, “All right, I think we un- 
derstand each other perfectly.” I assured him that there would be no more re- 
mitting of forfeits under future contracts and there never was, even though in 
several cases the forfeit covered the cost of printing the delayed number. Mr. 
Dixon was a fine gentleman, and he and I transacted all our business on the most 
friendly basis, never having had any unfriendly words during the whole of the 
more than seventeen years of business relations. However, the exaction of the 
forfeits did not improve materially the regularity of the publication of the 
Monthly, and it became apparent to me that the time was approaching when 
Mr. Dixon could no longer afford to publish the Monthly. If, then, the Monthly 
was to continue its existence, some arrangement would have to be made to fore- 
stall its discontinuance. 

In view of this situation, I had been making some efforts to keep the Monthly 
permanently at Drury College. Few of the college authorities had very much 
appreciation of the value to the college of such a publication. Furthermore, 
their energies were too much consumed in providing means to keep the college a 
going concern to consider seriously the value of the Monthly. A few may have 
had the feeling that it was only a mathematical journal which was read by a 
few cranks here and there, and that it was of no practical value to the college 
anyway, certainly of no commercial value. But there were some very wise and 
farsighted men on the Board of Trustees and a few on the faculty who recog- 
nized its value far beyond the power of dollars and cents to determine. For 
example, Dr. Henry Hopkins, whom I have already mentioned, pointed out to 
his colleagues on the Board of Trustees the immense value of such a publication 
to the college and, from the time the Monthly took up its abode in Drury Col- 
lege until he became president of Williams College, he was a staunch supporter 
of the Monthly. It was he who secured for it an annual subsidy from Drury 
College. Another fine friend on the Board was Dr. Albert Bushnell, pastor of 
the First Congregational Church in St. Joseph, Missouri. In speaking of the 
Monthly he compared its value to the college with that of Popular Astronomy, 
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published at Carleton College. Among my colleagues on the faculty was my 
good friend, Dr. E. M. Shepard, professor of geology and at one time acting 
president. He was most appreciative of the value of the Monthly as a means of 
bringing the college to the attention of the educational world, and was active 
and enthusiastic in advertising it on all suitable occasions. 

In order to make a permanent abode for the Monthly in Drury College, I 
took the matter up at one time with President J. H. George, who lent a very 
appreciative ear. Dr. George made several suggestions, one of which seemed 
feasible. Since the college was unable to finance the publication of the Monthly, 
he suggested the organization of a stock company and offered to take five shares 
of $100.00 each. He also offered to provide suitable quarters for the printing 
equipment and office on the college campus free of rent and with heat and light 
furnished without cost. It was agreed to invite Mr. A. S. Dixon to take charge 
of the plant, using student labor as far as possible and giving instruction in the 
art of printing to such students as wished it. In attempting to carry out this 
plan we encountered several obstacles, the chief of which was that Mr. Dixon 
could not have used student labor to do commercial printing off the campus 
without running counter to the labor union. Without being able to take in such 
commercial jobs, Mr. Dixon could not afford to head the enterprise. After this 
effort failed I fortified myself against the event of discontinuing the Monthly, 
in case Mr. Dixon should give it up, by finding another printer in Springfield 
who agreed to carry on the publication, however, at a considerably higher price. 

Thus matters went on until in the summer of 1912 I called on Professor 
Slaught at his home in Chicago and explained to him the possibility of Mr. 
Dixon’s giving up the publication of the Monthly at any time. In consequence 
of this conference, Professor Slaught later approached the authorities of the 
University of Chicago with a view of having them take over the Monthly as 
one of the regular publications of the University. After making some inquiries 
of the University of Chicago Press as to the possible cost, the authorities de- 
cided this was prohibitive and so declined. Because of the encouragement he 
had previously received from the University of Illinois, Professor Slaught’s next 
effort was to enlist the cooperation of other institutions. The first response came 
from Colorado College through the influence of Professor Cajori, and the second 
came from the University of Missouri through the influence of Professor E. R. 
Hedrick. Then followed the universities of Minnesota, Nebraska, Kansas, Indi- 
ana and Iowa, with Professors Bussey, Brenke, Ashton, Carmichael and Baker 
as editorial representatives. Beginning with Volume XX the Monthly was pub- 
lished under the auspices of twelve universities and two colleges, each institution 
contributing toward a subsidy, which was sufficient to meet the deficit in the 
expense of its publication. Under this arrangement each institution furnished an 
associate editor, and Professor Slaught acted as editor-in-chief. 

This arrangement worked very well, but it still lacked the element of per- 
manence. Professor Slaught next approached the American Mathematical So- 
ciety, asking the officers to take over the Monthly and publish it under the 
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auspices of that Society; but the committee to whom he made his appeal in 
April 1915, while respectful and considerate, turned to him a deaf ear. They did, 
however, recognize the importance of the mission which the Monthly was trying 
to fulfill and expressed approval of any steps which might be taken to carry on 
the work in this field. Determined not to fail in the achievement of his purpose, 
Professor Slaught conceived the idea of founding a new mathematical organi- 
zation, the purpose of which should be the establishment of the Monthly on a 
sound financial basis by having it become the official organ of the new associ- 
ation. To that end he wrote hundreds of letters to professors of mathematics 
in the colleges and universities of the United States and Canada setting forth 
his plan. In this way he secured the cooperation of about four hundred men and 
women agreeing to organize such a society. Professor Slaught proposed that 
these men and women have a meeting in Columbus, Ohio, in connection with 
the American Association for the Advancement of Science. This meeting was 
held, December 30, 1915, and an organization was effected, the name of the or- 
ganization to be the Mathematical Association of America. The subscription 
book for charter membership was kept open until April 1, 1916, and at that date 
the charter membership numbered 1097, including 52 institutional members. 
The person to whom chief credit is due for attaining this phenomenal charter 
membership was Professor E. R. Hedrick, first president of the Association, 
whose optimism and undaunted determination to see this worthy cause succeed 
abundantly never flagged or hesitated. The third member of what has been 
facetiously called the Association’s Triumvirate was Professor W. D. Cairns, 
the first and only secretary of the Association, without whom (or his like) the 
early accomplishments of this young organization could never have been so 
effectively consummated. From this date to the present time the history of the 
Monthly has been an open book well read by all its members. I gave the 
Monthly life, but Professor Slaught has, I hope, given it immortality. 

Now what had the Monthly accomplished in the first nineteen years of its 
existence? This question cannot be answered completely. Incomplete answers 
are numerous and varied. One answer, and that a fairly accurate one, is that 
the Monthly had much to do with the organizing and systematizing of the teach- 
ing of mathematics in colleges in the United States. Personally, I hope that 
answer is substantially true. It did another thing. It was instrumental in find- 
ing a few young men with fine mathematical ability and putting them in touch 
with fountains of aid and inspiration. I remember very well about 1905 re- 
ceiving contributions from a young man in a college in Alabama. His contribu- 
tions were varied, though more often confined to problems and papers along the 
line of number theory. These contributions bore the earmarks of originality and 
I was glad to receive them and publish them as soon as possible. From the value 
I attached to his contributions, I formed a picture of him similar to the one 
formed of me by my friend in Kansas City, though as a matter of fact he was 
only a very young man, twenty-four years old! I was surprised te receive a 
letter from him inquiring as to opportunities for study in the larger universities 
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of the country. I wrote him telling him about the scholarships and fellowships 
offered in our larger universities to those men who showed ability to do research 
work, and suggested that he make application. I was delighted when later I 
learned that he was a graduate student in Princeton University. He was des- 
tined later to be recognized as one of the foremost authorities in America on the 
Theory of Numbers. I refer to Professor R. D. Carmichael. While preparing 
this paper I wrote to Professor Carmichael asking him to give me a statement 
as to the influence of the American Mathematical Monthly on the development 
of his mathematical career. In reply I received the following letter from him: 


University of Illinois 
December 18, 1930 
DEAR Mr. FINKEL: 

It is a pleasure to me to respond to your request for a statement concerning the rela- 
tion of the Ametican Mathematical Monthly to my early mathematical development. You 
may feel free to use the whole of this letter or any part of it in any way that you see fit. 

You remember, of course, my original interest in mathematics arose at a time in my 
life when I was entirely isolated from all mathematical centers and had no connection what- 
ever with any one who had any knowledge of mathematics beyond the barest rudiments of 
the high school course. It was almost through an accident that I learned of the existence 
of the Mathematical Monthly. I had sent a letter of inquiry to a person, whose name and 
address had come to my attention, asking some questions about mathematical matters. 
From the response to this letter I learned of the existence of the American Mathematical 
Monthly, as well as of one or two other mathematical journals. In response to my request 
to you, I received a sample copy of the Monthly, and from that date to the present time I 
have been greatly interested in its progress. 

In those early days I received a marked and distinct stimulation from having my prob- 
lems and solutions and some short articles published in the Monthly. The stimulation came 
just at that time of my life when I was considering the question whether or not I should 
turn from other lines of activity into mathematical study and investigation. A stimulation 
coming at such a time as this I have no doubt left a marked influence on my decisions. 
When I decided to become a member of the American Mathematical Society, I remember 
distinctly that I had never yet had the opportunity of meeting with any one who was in 
any sense a mathematician. In response to my request you kindly agreed to sponsor my 
application for membership, and with your signature and that of a mathematician of the 
University of Alabama I was admitted to the American Mathematical Society. When I 
desired some information later concerning the places for mathematical study, I turned to 
you and to a very few other people, who in the meantime I had come to know by corre- 
spondence, for advice concerning the steps to take. 

It is difficult to assess the influence which was exerted upon my decisions by the stimu- 
lus and encouragement of those early days, but I believe that it is probably true that they 
had no small part in my final decision to undertake a serious study of mathematics; and 
that decision I have never regretted. 

The following is perhaps the main thing which I wish to say in this connection: To 
Professor Benjamin F, Finkel I would extend an expression of my gratitude, with a hearty 
appreciation of the stimulus which I received from him and through him. Though I have 
seen him infrequently in the flesh, and have not any time been closely associated with him, 
I have, nevertheless, for years looked upon him as a sort of father in the spirit. 


Very truly yours, 
(Signed) R. D. Carmichael 
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This letter alone is worth more to me than all the labor and the sacrifice the 
Monthly cost me, and I here acknowledge my deep appreciation of Professor 
Carmichael’s expression of gratitude. Space forbids my mentioning others in 
this connection. 

In the prosecution of my work as editor, I have been both blamed and 
praised. In editing a journal, as in other affairs of life, one cannot please every- 
body. It was my aim to deal generously and justly with our contributors, keep- 
ing in mind that truth and accuracy should not be sacrificed under any circum- 
stances. My correspondence with circle-squarers, angle-trisectors, cube-dupli- 
cators, and Fermat’s Last Problem solvers was voluminous, varied and interest- 
ing, and if compiled would add an interesting chapter to De Morgan’s Budget of 
Paradoxes. I regret that I did not keep all my correspondence in this connection. 
I shall give two samples: 

A few years ago I received in pamphlet form a demonstration of the trisection of an 
angle. The author informed me that if I could show him that his demonstration was wrong 
he would send me a turkey for my Christmas dinner. I pointed out the weak spot in this 
demonstration, but I never received the turkey, since the author was judge, advocate, and 
jury in the matter. 

Another angle-trisector in 1927 wrote me as follows: “I have solved:the problem of 
trisecting a rectilinear angle, of trisecting the arc of a circle, ... This despite the theories 
and quack formulae advanced by half-baked mathematicians in an attempt to prove the 
possible impossible.” He stated that he had referred his construction to professors at North- 
western University and the University of Michigan, one of whom admitted that he found 
no flaw in the construction and another passed the buck by suggesting that the construction 
be sent to me. This trisector goes on to say that “the skepticism that exists as to the possi- 
bility of trisecting a rectilinear angle is largely due to the number of people who have sub- 
mitted what they thought to be solutions, but which proved not to be. To a person who 
has any real knowledge of mathematics this seems strange, but human experience notes 
that in most mathematics classes there is not even one mathematician, and that in a class 
in which there is one, there are generally one, two or three others. But those who are not 
mathematicians ‘get by’ and some of them become teachers of mathematics.” He then 
asks the question, “But is it not assuming a great deal to claim that a rectilinear angle, or 
the arc of a circle, cannot be trisected?” As this angle-trisector had all his drawings copy- 
righted and was considering propositions from publishing houses, he said he would be 
willing to loan them to me on my agreeing not to publish them. I let the whole matter 
drop at this stage. 


If the Monthly did not accomplish all that it should have done during the 
first nineteen years of its existence, Goldschmid’s criticism of a noted painting 
is apropos: “The painting could have been improved if the painter had taken 
more pains.” In the case of the Monthly, be it remembered that the work on 
it was my avocation. During most of the time while I was conducting the publi- 
cation of the Monthly I was teaching from nineteen to twenty-seven hours per 
week; for the first seven years in Drury College I was secretary of the faculty 
and registrar of the college; I served on various committees; was director of 
summer sessions for three years; and was nominally librarian of the college for 
ten or twelve years. No consideration was ever given me by the college because 
of the work the Monthly entailed and I never asked for any such consideration. 
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I acted on the theory of David Harum’s philosophy that “the fleas on a dog are 
good for him for they keep him from musing on the fact that he is a dog.” So in 
my case, the extra loads I was carrying kept me from realizing that I was carry- 
ing extra burdens. My apology is for the incompleteness and imperfections of 
my accomplishments 

In bringing to a close this history of the American Mathematical Monthly, 
covering the period of the publication of the first nineteen volumes, it should be 
said that whatever success it had, and whatever influence it may have exercised 
in the teaching and advancement of mathematics in the United States, are at- 
tributable to all the agencies contributing to its growth. Editors, contributors 
and printers all shared in the early history of its development. 


QUESTIONS AND DISCUSSIONS 


EpiTEp By R. E. GitMan, Brown University, Providence, Rhode Island. 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the department of Problems and Solutions. 


CALCULATION OF NUMERICAL Roots 


By Irwin RoMAN, West Orange, New Jersey 


The problem of finding a desired root of a number is usually avoided, or 
solved by logarithms, except in the case of square root, for which two convenient 
methods are available. In this special case, the commercial computing machine 
manufacturers suggest a method which involves successive subtraction of odd 
integers. The division method has been known and used for many years and is 
preferred by some persons. For cube root, the method indicated by the machine 
manufacturers is awkward, while the division method is extended with only 
minor changes. 

The present note makes the extension of the division method to all integral 
and some fractional roots. The method involves successive approximation, start- 
ing with an estimate. The closer the estimate, the more rapid the convergence to 
the correct value and the more convenient the method. A table of approximate 
values for the root sought is valuable, and should be prepared in advance when 
many cases are to be computed. 


Let it be desired to find the n-th root of P, i.e. to find 


(1) a= Pils, 


Let D be an estimated value for a. If the correction to D is e, it is apparent that 


(2) D=a-e. 


QUESTIONS AND DISCUSSIONS 
Let 
(3) Q = P/D=". 
Then 
Q = P/(a — = — (1 — m)e/a + 


where ¢ is finite. If the estimate D is reasonably close to a, e/a is small and we 
may write 


(4) Q=a+(n— lhe =a-+ (m — 1)(a — D) = na — (n — 1)D; 
whence 
(5) a = [0+ (m — 1)D]/n. 


The value of a obtained by (5) is usually a better approximation than D. The 
method is repeated using the calculated value of a as the new value of D, as 
often as may be necessary. The method is applicable whenever the (m—1) th 
power of D is available. 

For the square root, this reduces to the usual division rule: 
Step 1) Estimate the desired root. 
Step 2) Divide the number by the estimate. 
Step 3) The average of the estimate and the quotient is a better approximation. 
Step 4) Repeat the preceding steps until estimate and quotient agree suffici- 
ently. With a computing machine, the method is rapid and simple. 


To illustrate the method in unusual cases, consider two cases, »=5 and 
n= 3/2. The method is more complicated in the calculations, but the rule is the 
same as for the square root, except for steps 2 and 3, which become: 

Step 2’) Divide the number by the (m—1)th power of the estimate. 


Step 3’) The weighted mean of the estimate, weight (~—1), and the quotient, 
weight unity, is a better approximation. 


In the case of n= 3/2, it is obviously possible to calculate the cube root of the 
square, but the calculation of the cube root is of the same order of difficulty as 
that of the two thirds power directly. In the case of the fifth root, no other 
simple method has come to the attention of the writer. 


Example 1. Find (1728.526)"5. 


Here, n=5, P=1728.526, Q=P/D* and a=(Q+4D)/S5. If we estimate the 
fifth root as 4, initially, we have the calculations of Table 1. 
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Table 1 


(1728.526)¥/5 


D Q 


4. 256. 6.75 

4.55 428.593 4.033 024 
4.446 605 390.943 689 4.421 419 
4.441 568 389.175 282 4.441 510 


4.441 556 389.171 100 4.441 557 


Thus the fifth root of 1728.526 is 4.441 556, correct to the last figure. 
Example 2. Find (1728.526)?’. 


Here n=3/2, P=1728.526, Q=P/D"? and a=(20+D)/3. If we start with 
the obviously poor estimate, D=100, we have the calculations of Table 2. 


Table 2 


(1728 .526)?/8 


D pu Q 


100. 10. 172.852 600 
148.568 400 12.188 864 141.811 903 
144.064 069 12.002 669 144.011 803 
144.029 225 12.001 218 144.029 214 


144.029 218 12.001 217 144.029 226 


Thus (1728.526)?’ is 144.029 22, correct to the last figure. 


ON THE CHARACTERISTIC EQUATIONS OF PRODUCTS 
OF SQUARE MATRICES 


By H. S. Tuurston, University of Alabama 


A few months ago, while “playing” with square matrices, the writer noted a 
very interesting property of the products of three matrices of the same order, 
namely, that associated with the six products formed from the matrices a, b, and 
c, were two distinct characteristic equations, one common to the products abc, 
bea, and cab, and the other to the products ach, bac, and cba. Further investiga- 
tion led to the proof of a general theorem, and although no claim is made that 
the theorem is new, it was felt that it might be of sufficient interest to readers of 
the Monthly to merit a short note. 

On page 283 of Bécher’s Introduction to Higher Algebra, we find this theorem: 
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If a, and az are two matrices independent of A, a necessary and sufficient 
condition that a non-singular matrix p exist such that 
a, = paip 
is that the characteristic matrices A; and A: of a; and a2 have the same invariant 
factors—or, if we prefer, the same elementary divisors. For our purposes, we do 
not require both the necessity and the sufficiency of the condition, and may 
modify the enunciation of the theorem to read as follows: If there exists a non- 
singular matrix p such that 
= pa,p' 
then a, and a» have the same characteristic equation. 
Now if a and 6 are non-singular square matrices of the same order, a non- 
singular matrix p can be found such that 


ba = pabp™', 


for in this case p may be taken as b. It follows from the above theorem that the 
products ab and ba have the same characteristic equation. 

Next, let a or b, say b, be singular. Since a determinant is a continuous func- 
tion of its elements, one element of b may be increased by an infinitesimal e, thus 
obtaining a non-singular matrix },, and the characteristic equation of ab; is the 
same as that of bia. As € approaches zero, the characteristic equations of ab, and 
bia remain equal, so that we may conclude that ab and ba have the same charac- 
teristic equation. Should both a and bd be singular, a similar argument may be 
made. 

Finally, consider three matrices a, 6, and c¢, singular or non-singular. It 
follows from the above argument that a(bc) and (bc)a have identical character- 
istic equations and the same is true of b(ca) and (ca)b, and since multiplication 
of matrices is associative, it is seen that abc, bca, and cab have a common char- 
acteristic equation. This argument may obviously be extended to include the 
case of any finite number of square matrices, and we are led to the following: 


Theorem. Jf a, b, c,...q are square matrices of the same order, the product 
abc ...q and all products formed by cyclicly permuting its factors, will have the 
same characteristic equation. 

As an immediate consequence of this theorem, we may state a corollary: 
If a, b, ¢,...q are square matrices, n in number, then associated with the n! 
products formed by permuting the factors of the product abc ...4q, there are, in 
general, (n—1)! characteristic equations. The phrase “in general” is used ad- 
visedly, for should any of the given matrices be equal, or should multiplication 
be commutative with respect to any of them, there will be fewer than (m—1)! 
distinct equations. 

A very simple illustration of the above theorem follows. Using as factors the 
three matrices 
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there may be formed six products. Three of these, namely, 


—i -4 2 1 3 ds 
abc = ( } bea = ( ), cab = ( }. 
—1 0 —2 -3 —4 -—-4 


have a common characteristic equation \?-+A —4=0, while the others, 


—2 -2 -1 —-2 -7 
acd = ( ), bac = ( }. cba = ( ), 
0 2 — 3 1 0 Zz 


have in common the characteristic equation \?—4=0. 


A WELL KNOWN THEOREM OF INTEGRAL CALCULUS 
By H. L. Krai and J. D. TAMARKIN, Brown University 


The purpose of this note is to prove the inequality 


(1) | < flsola, 


for the case in which f(t) is integrable (Lebesgue) on (a, 0) and is a complex 
valued function of the real variable i.e. f(t) =u(t) +2 v(t) where u(t) and v(t) 
are real and integrable. This simple truth, which is obvious in the case of a real 
valued function or of a Riemann integrable function is widely used but the proof 
does not appear to be given explicitly in standard treatises. We can divide the 
proof into three steps. 


(1) Approximation of f(t) by a continuous function. By a theorem! in the 
theory of functions of a real variable, we can approximate u(t) by a continuous 
function ¢(¢) and v(t) by another continuous function y(t) so that for any pre- 


scribed e>0 
fle-vi<e. 


(Since the limits of integration (a, b) and the differential dt are the same 
throughout, we shall drop them in order to simplify the notation.) 

If we use a sequence of e’s, €1, €n, —0 and corresponding se- 
quences On, Wi, Yo, °° Wn, then these inequalities can be 
written in the form 


1 See Hobson’s Theory of Functions of a Real Variable, vol. 1, 3rd edition, p. 632. 


lim [| = 0, lim |» = 0, 
and 
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Let 
wn (t) on(t) + ivn(t); 


(2) An approximating function for [f(2) | is the absolute value of the func- 
tion which approximates f(t). This follows from the obvious inequality 


slf— onl, 


then 


whence 


fire 
sf fle-v| 0. 


(3) Proof of (1): We now have 


[fh 


But, w, being a continuous function, fw, and S lon | coincide with the Riemann 
integrals of the respective functions so that 


fis. 


A Note by the Editor 


Hence we have 


An alternative proof using only elementary properties of Lebesgue integrals 
might be as follows: Put 


b b 
L=| f f(t)dt| and R= f [f(t)| dt. Let f(t) =u(t) +4 v(t) and 


A+iB= soa = f [u(é) + iv(t) 


A-iB= f [u(s) — iv(s) 


325 
— 
Then 
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and 


f wo + iv(t) |dt [u(s) — iv(s) ]ds 
= f af { [u(t)u(s) + v(t)v(s)] + i[v(t)u(s) — v(s)u(t) 


on f af [u(t)u(s) + v(#)0(s) ]ds, 


since the coefficient of 7 on the right must vanish. Now 


R= f(t)| dt = f veo + 


= fa [ + v2(t) ][w2(s) + v2(s) 


= fia + v(t)v(s) + [u(t)o(s) — v(t) u(s) ]@ds. 


Hence 


b b b 
R= f a f | u(t)u(s) + v(#)v(s) | ds = f af [u(t)u(s) + v(t)0(s) ]ds, 


R? 21? and R2L. 


R.E.G. 
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Il passato e il presente delle principali teorie geometriche, storia e bibliografica. 
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468 pages. 
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Tutorial Exercises in Trigonometry. By Raymond W. Brink and Ella Thorp. 
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REVIEWS 


Fouriersche Reihen. By Dr. Werner Rogosinsky. Sammlung Géschen, Berlin- 

Leipzig, No 1022, 1930. 135 pages. 

The author succeeded in collecting interesting and useful material in this 
little book. The reader will find there, together with indispensable classical 
results, many facts of the modern theory of Fourier series, including some results 
due to the author. 

The book contains seven chapters followed by an appendix. Chapter 1 serves 
as an introduction. Chapter 2 is devoted to the “theory of representation” 
(Darstellungstheorie). The aim of this chapter, which is not quite clear from the 
title, is to characterize extended classes of functions that are represented every- 
where by their Fourier series expansions. The Riemann-Lebesgue theorem con- 
cerning the Fourier coefficients and the Lebesgue theorem concerning the term- 


4 
| 
’ 


328 RECENT PUBLICATIONS [June-July, 


wise integrability of a Fourier series of an absolutely integrable function are 
derived and applied to the expansion theorem of a piece-wise differentiable func- 
tion. The theory is illustrated by important examples (Bernoulli polynomials, 
vibrating strings, Weierstrass approximation theorem). Chapter 3 deals with 
completeness properties of trigonometric functions, together with Parseval’s 
identity and an application to the solution of the isoperimetric problem for the 
circle. Chapter 4 treats of the convergence theory of Fourier series. We find 
there Riemann’s localization theorem, criteria of Dini and Dirichlet-Jordan, an 
estimate (due to Hardy) of the n-th partial sum of a Fourier series, some proper- 
ties of Lebesgue’s constants. The chapter closes with an exposition of some 
properties of the conjugate of a Fourier series. Chapter 5 contains some impor- 
tant applications: Fourier integral theorem, Euler-Maclaurin summation for- 
mula, Stirling series. In Chapter 6 the reader will find interesting material con- 
cerning the summability of divergent Fourier series. After a short sketch of the 
general Toeplitz method of summation of divergent series, the methods of Fejér, 
of Abel-Poisson, of Riemann-Lebesgue are given. The end of the chapter is 
devoted to a careful exposition of the Gibbs phenomenon and to the related 
theory of the “Abschnittskoppelung” of Fourier series, which was originated and 
successfully pursued by the author. In Chapter 7 the uniqueness theorem for 
general trigonometric series is treated. Theorems of Cantor and Du Bois- 
Reymond are proved. The Appendix contains proofs of some necessary facts 
of the theory of functions of a real variable. 

The exposition throughout the book is elegant and clear. The reviewer 
was not able to find any slips and but very few misprints, except on the last 
page 135, where the theorems on term-wise differentiation of sequences and 
series are stated in a too general form and hardly can be considered as correct. 
One general remark should be made in conclusion: the author avoids the notion 
of Lebesgue integral and manages to get along by an adroit manipulation with 
improper absolutely convergent Riemann integrals. This should be considered 
as a weak point in the book. We have now reached the stage where the notion 
of Lebesgue integral should belong to the elements, since it is simpler, more 
general and more useful than that of Riemann. At the cost of a couple of addi- 
tional pages in the Appendix the author would enable himself to avoid some 
clumsy passages and to include some additional important results, without 
which no adequate idea of the modern theory of Fourier series is possible. 

J. TAMARKIN 


The Zeta- Function of Riemann. By E. C. Titchmarsh, M. A. No. 26 of the Cam- 
bridge Tracts. London, Cambridge University Press, 1930; New York, The 
Macmillan Co. 104 pages. Price $2.25. 

The Riemann zeta-function characterized by Gram as “une des plus remar- 
quables acquisitions de |’analyse moderne” is defined as a function of the complex 
variable s=o+¢1 by the Dirichlet series = Zn~*, n=1, 2, - - - . It was first 
studied by Riemann in a paper on prime numbers published in 1859 that “has 
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become famous for the number of ideas it contains which have since proved fruit- 
ful and it is by no means certain that its riches are even now exhausted” (p. 43 of 
the tract before us). 

The zeta-function has a twofold interest, due to the difficult function theory 
problems it raises as well as to its prominent role in the analytic theory of num- 
bers. 

The valuable tract by Professor Titchmarsh presupposes some knowledge of 
¢(s) from both of these points of view and (except for a brief sketch of elemen- 
tary properties) confines its limited space to the present form of the theory as 
developed during the last twenty years. In fact, all of the one hundred memoirs 
listed in the bibliography were published since 1910 and the majority of them 
from 1920 on. 

The main objective of the theory cannot be better stated than in the first 
lines of Chapter I: “The fundamental problem which emerges from the attempt 
to determine the distribution of the prime numbers is: Where are the zeros of the 
zeta-function? We also encounter the problem of the asymptotic behaviour of 
¢(s) as te, for given values of ¢. The two problems are closely connected.” 

The present tract will be very welcome to workers in this field and even the 
general reader will find interest in looking over the theorems and reading the 
illuminating comments scattered through the text. Professor Titchmarsh has 
very ably unified and reduced to a moderate space a large amount of difficult 
material and given it a clear and systematic development. The titles of the six 
chapters are: The asymptotic behaviour of ¢(s); Mean value theorems; The 
distribution of the zeros; The general distribution of the values of ¢(s); Conse- 
quences of the Riemann hypothesis; Lindel6éf’s hypothesis. 

J. I. HuTcHINSON 


Mathematische Volkswirtschaftslehre. By Otto Weinberger. Leipzig und Berlin, 

1930. xiv+241 pages. 

In this interesting book problems of political economy are considered exclu- 
sively from the mathematical view-point. As a result all questions which do not 
show any point of contact with the mathematical method, such as the problems 
of the character of population, the historical antecedents of a given economic 
order and so forth, are omitted. The mathematical prerequisites for intelligently 
reading this book are analytical geometry and calculus. Knowledge of funda- 
mental economic concepts is presupposed, and, as a result, the book is not suited 
for a first reading in economics by mathematicians. It will, however, serve as a 
splendid book to follow the reading of G. C. Evans’s book, Mathematical Intro- 
duction to Economics. Historical settings and references are given which are not 
included in Evans’ book. 

The first chapter explains the quantitative nature of fundamental economic 
concepts and in some detail considers the difficulties which proponents of the 
mathematical method have had to overcome. Irving Fisher is repeatedly men- 
tioned as a champion of the mathematical method. The second chapter, pages 
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31-118, is a history of contributions to mathematical economics. Here we find 
references to the research works of Daniel and Jacob Bernoulli, Poisson, Laplace, 
Gauss, Edgeworth, Evans, Roos, Schultz, Cournot, Pareto, Amoroso, Irving 
Fisher, Walras, Karl Menger, Schumpeter, BOhm-Bawerck, H. L. Moore, Wein- 
berger, Auspitz, Lieben, A. Marshall, Gossenn, Thiinen and others. In the third 
chapter the author briefly considers some of the principal problems of mathemat- 
ical economics, such as, the statical problems of utility and value, price, monop- 
oly, wages, rent, production and capitalization, and the dynamical problems of 
demand, production, profit and speculation. The fourth and concluding chapter 
is in the nature of a statistical appendix. 

As a reference book this work fills an important gap in economic literature. 
Several other books give extensive bibliographies and some cite a few references 
in foot-notes, but none give the settings of problems and their associated bibliog- 
raphies nearly so well. 

CHARLEs F, Roos 


Lebendige Mathematik. By Felix Auerbach. Ferdinand Hirt, Breslau, 1929. 355 
pages. Price ca $2.50. 


Of the many strange things called forth by the mathematical genius of the 
nineteenth century none was more baffling to its discoverers than the idea that 
the validity of the stately structure of mathematics does not depend upon the 
“self-evidence” of the basic axioms of the science. To their further great amaze- 
ment mathematicians arrived at the conclusion that they are free to give any 
meaning they please to the very entities their science is to deal with, if only these 
entities satisfy the basic truths the mathematicians have promulgated as such. 
Small wonder that having, so unexpectedly, found himself clothed with such 
dictatorial power, the mathematician lost all sense of reality. 

Postulational mathematics is undoubtedly one of the great discoveries of the 
human mind. The insight it has given us into the nature of mathematics, and of 
logical reasoning in general, is just as profound as it is unexpected. But the 
trifling attitude towards the connection between mathematics and the world 
around us, which became popular in some quarters on account of this great dis- 
covery, is both unwarranted and harmful. 

Signs are not wanting that this attitude is on the wane. The book under re- 
view is one of them. The author undertakes to show the reader how deeply 
mathematics penetrates into our daily life, into all industrial activities, as well 
as into all our preoccupations with philosophy and art, in the broader sense of 
these terms. But this is only one side of his amibition. He has another, and a far 
greater one. He wants to show the lay reader that the truths mathematics ar- 
rives at are fascinating; that the objects of mathematical speculation, that these 
very speculations, far from being as abstruse and as repulsive as they are re- 
puted to be, are full of interest, and that they can and should be a part of the 
mental equipment of any educated person who is willing to make the effort 
necessary to grasp them. 
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The book covers both elementary and higher mathematics. It contains no 
proofs. It begins with geometry, then takes up the theory of numbers, and ends 
with analysis. It is written in an easy style and the whole thing is admirably well 
done. Any layman who will read it through will have learned a great deal of 
mathematics. But the book should be read by professional mathematicians as 
well, especially teachers of mathematics. They will find there interesting meth- 
ods of approach to various branches of mathematics, suggestive connections 
between the branches, and valuable hints as to the practical applications of the 
various mathematical theories. 

The author missed an excellent opportunity to give some historical back- 
ground to the subject matter he so skillfully deals with. But perhaps this would 
have made the book too large. 

It is rather humiliating that mathematicians had to wait until a physicist did 
this work for them. 

NATHAN ALTSHILLER-COURT 


Geschichte der Elementar-Mathematik. Erster Band, Rechnen. By Johannes 
Tropfke. 3. Auflage. Berlin and Leipzig, 1930. vii+222 pages. Price 12 
RM.; bound, 13.20 RM. 

Dr. Tropfke’s series of histories, in seven volumes, begun nearly thirty years 
ago, is so well known in the mathematical world as to need little comment with 
respect to the general purpose and method. The plan of treating in separate 
volumes the large topics of (1) Rechnen, (2) Allgemeine Arithmetik, (3) Pro- 
portionen, Gleichungen, (4) Geometrie, (5) Trigonometrie, (6) Analysis, and 
(7) Stereometrie, has much to commend it, and students find the arrangement 
more convenient than that of Cantor. 

In this revision the general arrangement of topics is as in the first edition. 
There is no index, this being left for the seventh volume. The “Inhalt” answers 
the purposes fairly well, but much use of the work has led this reviewer to regret 
that an index for each volume has not been provided. Nevertheless this is a 
small matter compared with the general excellencies of the text. The revision 
under review is upwards of 25% larger than the first edition and has brought 
the bibliography, notes, and necessary changes of text up to the year 1929. 
Since the notes form one of the most valuable features of the work, it should be 
mentioned that the number has been increased from 874 to 1343, a gain of more 
than 50% over the earlier editions. 

The chief value of the revision, however, is in the text itself, for this has been 
greatly extended. There have been included items of much importance the 
absence of which was very noticeable in the first edition. For example, the 
section on numerals (Die Ziffern) has been rewritten so as to include some of the 
latest information relating to the Babylonian, Egyptian, Greek, Mayan, Hindu, 
and medieval forms, and the table showing the development of our common 
system has been enlarged to include 44 instead of 15 different stages, beginning 
with the Afoka inscriptions and ending with Widman’s work of 1489. Similarly 
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a much-needed summary of recent developments in sexagesimal fractions has 
been made under the caption of angle measure (Die Winkelmasse), although it 
brings us no nearer the solution of the real question of origin than we have been 
since classical times. We know that the Sumerians used 60 for various purposes, 
but why they used it, or why 360° was later used for the circle is still a matter 
of speculation. Knowing the difficulties that the ancients had with fractions 
and the tendency to avoid them by the use of submultiples (as with the inch 
and foot), it is not unreasonable to think that 120 was taken as the diameter of a 
circle because of its list of factors (2, 3, 4, 5, 6, 8, 10, 12, 15, 20, 24, 30, 40, 60), 
whence 60 was the radius and 3X60 (using the common value of 7 in ancient 
times) was the circumference. At any rate, this seems a rather better guess 
than the others. 

The treatment of computation has been improved in various ways, notably 
by the inclusion of matter from Peet’s work on the Rhind Papyrus (the more 
complete Chace edition not being available before the copy was sent to press), 
and by the improvement of Miiller’s Greek vocabulary of terms used. The sec- 
tion on the “Eigenschaften der ganzen Zahlen” has been improved by additions 
relating to cardinal and ordinal numbers, to squares and non-squares, and cer- 
tain recent discoveries by Dickson and others. Considerable new material has 
been added with respect to the history of common fractions, especially that re- 
lating to the Egyptian and Arabic fields. 

Assuming that the revisions of the other volumes will be of merit commen- 
surate with that of the first one, the work will continue to stand as the most 
helpful one of its kind, for beginners in the study of the history of mathematics, 
that we have. The particular value lies not in its style or in the grasp of the 
large problems so much as in its mass of detail and its very extensive bibliog- 
raphy. It is a work that every student of the history of mathematics should 
own and annotate. 

Having spoken of its general value, it is proper to refer to two other fea- 
tures—the question of the treatment of proper names and of titles, and the 
too-frequent misprints and lack of care in the notes. 

As to the spelling of proper names in general, Dr. Tropfke seems to incline 
to use the modern German form, although in this he is not at all uniform nor is 
he consistent in certain specific names. For example, the German form appears 
in such names as Adrian for Adriaen (Metius), properly using the Latin form 
as well. The name Widman (pp. 38, 41) appears more frequently as Widmann, 
although the former seems to have been the preferred one at the time the man 
lived. It is, of course, of no great moment that the form Koebel should be used 
(p. 12 et pass.) instead of Kébel. In the various copies of his books with which 
I am familiar, however, either the two dots or the small e is printed over the o. 
What is more serious, however, at least from the bibliographic standpoint, is 
that the title of Kébel’s work of 1514 is incorrectly copied. Instead of Ain 
Newgeordnet Rechen biechlin mit den zyffern, Augsburg, 1514, quoted from F. 
Miiller in note 57, the title should read .. . Rechen biechlin auf den linien mit Rechen 
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pfennigen (see facsimile in Rara A rithmetica, p. 103), unless it should turn out that 
there were twoimpressionsthesame year at Augsburg(not Oppenheim, see note 93). 

As to the combination of languages in a proper name, it is difficult for anyone 
to be consistent. For example, shall we who speak English say Leonardo of Pisa, 
Leonard of Pisa, Leonardo Pisano, Leonardo Fibonacci, or Leonardus Filius 
Bonacii, or shall we use some other form? Dr. Tropfke says Leonardo (which is 
Italian) von (which is German) Pisa (which is Italian but is generally inter- 
national except for the French Pise). It would seem as if the most sensible 
plan would be to spell a man’s name as he himself generally spelled it in the 
vernacular which he generally used. In the case of Latin names of the Renais- 
sance, it would seem reasonable to use these if they are the forms by which the 
man is at present generally known, which rule of course introduces an element 
of uncertainty, as in cases like Viéte and Vieta. As to a name like Newton’s, it 
hardly seems justifiable to use the form J. Newton instead of I. Newton, even 
though a German might write Jsaac instead of Isaac. (See p. 90 et pass.) 

As to the oriental names, it is very desirable to have some kind of inter- 
national authority. To one who has given the matter no attention it is confusing 
to see one author use Alhwarizmi and another use Al-Khowarizmi. Each has 
authority for his transliteration, but the lack of uniformity is confusing. Prob- 
ably Suter’s list is the most widely used of any. 

As to the titles of books and the names connected with them, a number of 
questions arise. First, why in copying a title should anyone change the spelling 
and the diacritical marks unless this is necessary? For example, why should Dr. 
Tropfke print Sima as Summa, and & as et in the title of Pacioli’s work? To be 
sure they mean the same, but in general he rightly uses precise forms. In the 
same way, if Piero Borgi wished to spell his name thus in his book which he 
called arithmethica in 1484, or Piero or Pietro Borghi later, why should we spell 
the name Piero Borghi and the title arithmetica when quoting the first edition? 
Why should anyone use the form Liber Abbaci (p. 13) in speaking of Fibonacci’s 
work? The MS used by Boncompagni reads “Incipit liber Abaci Compositus a 
leonardo filio Bonacij Pisano In Anno M°cc°ij°,” and the fact that he and others 
used the Italian plan of doubling the b (abbaco) is no good reason for changing 
from the first edition and using poor Latin in this one, when Leonardo himself 
used the correct form. In the matter of titles, too, those who are working in the 
field of bibliography will regret to see defects in those which assume to be cor- 
rectly transcribed, as in the case of Tartaglia’s General trattato nvmeri et misvre 
instead of ...di numeri, et misvre. A similar situation arises with respect to Cole- 
brooke’s work (note III) in which there are six errors in copying the title. Of 
course these are of little moment to one casually consulting the work, but to a 
bibliographer they seem at least undesirable. This tendency to inaccuracy 
in titles is often apparent, a single further illustration appearing in respect to 
Boncompagni’s Trattati d’arithmetica (in note 35) and Trattati d’Aritmetica (in 
note 389), and to the precise form of the title of Stevin’s work, L’A rithmetiquve 
(all capitals and no diacritical mark over e, and v for u; compare note 498). 
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Since this reviewer is quoted (n. 54) in the assertion that the Treviso arith- 
metic was the first to appear in print, it is proper that he should say that the 
editors of the new Gesamt-Katalog have found that it had one or more p.« deces- 
sors, and that the statement will need to be changed in our histories to read 
“the first printed arithmetic with date.” 

As to the matter of misprints and lack of uniformity, these features are of 
little importance in a review. The reader will easily find them. It must be said, 
however, that the revision is itself in need of revision, even though the points at 
issue are of little consequence. It detracts from the pleasure in consulting the 
book to find at least four different ways of referring to the American Mathe- 
matical Monthly (pp. 7, 22, 38, 73), and at least three in the case of the Zeit- 
schrift fiir Mathematik und Physik (pp. 12, 36, 78). The proof could not have 
been read with due care when it has such misprints as Canton for Cantor (note 
95) and Heiberb for Heiberg (note 543), and numerous others of the same kind. 

Davip EUGENE SMITH 


Mechanics for Students of Physics and Engineering. By H. Crew and K. K. 

Smith, The Macmillan Co., New York, 1930. xvi+371 pages. 

This excellent text had a predecessor “Principles of Mechanics” written 
twenty-five years ago by Professor Crew. We must acknowledge, however, that 
the present volume is sufficiently different in its treatment to be considered as 
an entirely new work. It is well adapted both to give the engineering under- 
graduate a working knowledge of mechanics, and to prepare the future physi- 
cist with a good grounding in the fundamentals of the subject. Its method of 
presentation carries over the secrets of original search in that the subject matter 
is given in the order of its historical development, with adequate reference to 
the efforts of the first investigators, and some suggestion as to the genesis of the 
problems considered. The abundance of historical material is to be welcomed 
not merely for its cultural value to the average student, but for its depicting 
mechanics, to the possible specialist among the undergraduates, as a product of 
human effort. 

The early chapters of the book, dealing with the statics of a particle and of a 
rigid body, virtual work, and the equilibrium of a rigid body, are developed in 
an elementary fashion with no appeal to the calculus. This is intended to per- 
mit the simultaneous study of calculus and mechanics. Vector methods are, 
however, introduced at the outset, and further developed as need arises. The 
vector point of view is held to consistently, and the advantages accruing there- 
from are especially evident in the chapter on kinematics and kinetics. 

There is an interesting short chapter on the units of mechanics where the 
notion of dimensional analysis is touched upon. Among other topics treated are 
properties of elastic bodies, hydromechanics, and wave motion, which serve to 
bring the student in contact with the newer physics. 

Throughout the text application of the theoretical principles to concrete 
problems is illustrated by well pointed examples. There is a large choice of exer- 
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cises to tax the ingenuity and industry of the serious student. In closing com- 
ment, Professors Crew and Smith are to be credited with presenting to the 
younger student of mechanics a treatment of the subject characterized by its 
clarity and simplicity, though sophisticated in its scientific point of view. 

S. B. LITTAUER 


Plane and Spherical Trigonometry. By Leonard M. Passano. Revised edition. 

The Macmillan Company. New York, 1930. XVIII+155 pages. 

This revision of this well-known text presents a more open faced page due 
to the use of a slightly different font of type, a more numerous set of new 
problems, and a careful rephrasing of portions of some paragraphs. This, 
together with one redrawn figure, results in fewer infelicities and ought to augur 
well for the continued usefulness of the book, which is supplied either with or 
without tables. 

C. F. CRAIG 


A LETTER FROM R. A. FISHER TO THE EDITOR 


In your issue of December, 1930, you print a long review of the third edition 
of my book, Statistical Methods for Research Workers, from the pen of Mr. C. C. 
Grove. Reviews from writers familiar with aspects of the literature somewhat 
distant from those under discussion are usually of great value and interest, and 
this case is no exception. Mr. Grove is, however, principally concerned—and to 
this point he gives three-quarters of his review—with his fear that workers who 
have in recent years made use of the methods I have put forward, are inclined 
to deceive themselves, or their readers, as to the novelty of their results. A 
careless reader might in fact easily conclude that an accusation of consistent 
and widespread plagiarism had been launched, and it is this circumstance which 
induces me to put before your readers some facts which Mr. Grove has evidently 
overlooked, the more especially as the examples he quotes are not from my own 
works, but from those of six other writers who have made use of them. 

The features of modern statistics which are touched upon are:— 

(a) The use of the exact distribution in “small” or finite samples, for the 
sampling errors of quantities calculated from them, in place of the “large 
sample” distributions, which are approximations based on the limiting form of 
the distribution as the sample is increased indefinitely. Mr. Grove seems to have 
misunderstood the meaning of the term “small” sample in this connection, which 
merely means that we take account of the fact that it is not infinitely great, but 
which he seems to take to imply that the users of the theory of small samples 
are advocates of paucity of data. It is largely because a sample of few observa- 
tions contains less information than a sample of many that it is more necessary 
to use the exact, in place of the older approximate, distributions. 

(b) The development of the theory of estimation, with the distinctions it 
draws, on the basis of their sampling properties, between estimates that are 
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consistent or inconsistent, efficient or inefficient, etc., either for small or, in the 
limit, for infinitely large samples. Mr. Grove would probably be less contemptu- 
ous of the “method of maximum likelihood,” the supreme value of which has 
been established by this theory, if he realised that the method (in spite of its 
“weighting the observations in an unusual way”) dates back at least to Gauss, 
who should surely belong to his “galaxy of astronomers and actuaries”; though 
by Gauss it was derived by a proof, which is neither necessary nor sufficient, 
from the ill-fated theory of inverse probability. 

(c) The introduction of a new series of rational and integral symmetric 
functions of the sample values, known as the k-statistics, to replace those used 
by Thiele and Tchouproff, in developing the general relationships between the 
moments of such statistics and those of the population sampled. Mr. Grove 
supports his contention that insufficient credit has been given to Thiele by 
quoting from a paper by Wishart the definition of the first four k-statistics, of 
which the fourth is:— 


ky = n?2(n — — 2) — 3)-1{ (n + 1)m, — 3(n — 1)m2?}, 


and quotes from Thiele a series of expressions for statistics denoted by \, of 
which the fourth, written with the substitution suggested by Mr. Grove, is 

= n3(n — — On + 6)-1{ mg + 6(n — 1)-'m,?}. 
He remarks that 

“The chief difference in the formulas seems to be that R. A. Fisher has re- 
placed the letters \, u, and m in Thiele’s notation by the letters k, m, and n,” a 
remark which is unintelligible, or at least highly captious, when the expressions 
are compared with this substitution. In pointing this out I should add that Mr. 
Grove appears to have introduced an unnecessary confusion by identifying 
Thiele’s » with my m; these two statistics being in reality as different in their 
definitions as are Thiele’s \ and my k. Thiele was evidently not using, and as far 
as I know never did use, statistics so defined that their mean sampling values 
were equal to the semi-invariants of the population; and it is this choice which 
makes the algebra manageable, and has yielded the flood of new relationships 
now available in addition to the few given by Thiele. 

The second quotation for which Mr. Grove takes Wishart to task is even 
more strange as a basis for complaint. In explaining the combinatorial notation, 
which I had introduced for the compact expression and derivation of the new 
results, Wishart remarks :— 

“Thus the well-known formulae for the moments of the distribution of the 
mean in samples are summed up, in the notation of this paper, by the formula 


k(i") = k,/n-',” 
with which Mr. Grove compares Thiele’s statement of the same property in his 
own notation, and adds:— 

“One, of course, may be dense, but it is difficult to see in what essential way 
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these older formulas differ from those attributed to the reputedly “new” work 
by the small sample experts.” 

One would have thought that Wishart’s phrase “the well-known formulae” 
would have been sufficient to obviate the mis-representation that he was 
putting forward the result as new. On the contrary he is obviously explaining a 
new notation by expressing it in an old and familiar result. And why is Thiele 
in particular supposed to be injured? The result is one which has been familiar 
to readers of Laplace for over a century. Even if, as is quite possible, Thiele 
recognized the property of these functions entirely independently, it would, I 
imagine, come as a surprise to him that, by giving them a name, he was claim- 
ing to be mentioned whenever their properties were alluded to. 


(d) The use of orthogonal polynomials in least square fitting was introduced 
by Tchebycheff, and until recently little attention has been paid to his treat- 
ment of this point, not only in England and America, but, pace Mr. Grove, in 
Scandinavia also. At all events Esscher working at the Lunds Observatory in 
Sweden, and myself in England, both developed the same method independently 
in papers published in 1919 and 1920 respectively. Certainly I have, and I 
think Esscher also has, never put this forward as mathematical discovery. In- 
deed I imagine that no mathematician considering the same problem, with the 
analogy of Fourier analysis in mind, could have failed to introduce orthogonal 
functions, in order to reduce a set of simultaneous to a set of simple equations. 
I have indeed recently examined, in the French translation, the several papers 
of Tchebycheff, among which his development of the theory of orthogonal 
polynomials is scattered, with a view to ascertaining whether any useful pur- 
pose could be served by referring modern students of statistics to them. The 
conclusion I have arrived at is that, at the expense of much labour, a good 
student could in this way improve his powers of algebraic manipulation, but 
not his grasp of statistical method. If this is the only “ground for feeling that 
Dr. Fisher is too parsimonious in references to other workers outside the fellow- 
ship of his own countrymen” Mr. Grove is welcome to it; but his real grievance 
seems to be that I do not, in this connection, mention Gram, who admittedly 
did not introduce these functions, although to Mr. Grove they are still “the 
Gram polynomials.” 

For the history of the subject nothing but good can come of the precept “to 
delve more” into the early literature, both English and foreign. The student, 
however, who wishes primarily to obtain a good grasp of effective methods, 
should be warned that he will meet, as in all subjects which have developed 
rapidly, with much that is obsolete, in thought, and in notation. Regarding in 
particular, statistical literature, even of the recent past, he must remember :— 


(a) not to be misled by the widespread confusion between that which is 
estimated, and our estimate of it, to the extent of using the same symbol for 
these different quantities, 


(b) that methods of statistical estimation were habitually chosen solely on 
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the basis of the criterion of consistency, without reference to their efficiency, 
which was often very defective; 

(c) that prior to “Student’s” work of 1908 no attempt was ordinarily made 
to obtain the exact sampling distribution in finite samples of the estimate 
chosen; and even the calculation of the sampling variance, in its limiting form 
for an infinitely large sample, was regarded as something of a feat, and was too 
often performed by extremely crude and laborious methods. 

Finally, there is, perhaps, something to be said for “delving more” into the 
modern literature, even if it happens to be written in English. This at least 
would have spared Mr. Grove the error of supposing that Dr. Irwin was making 
a comparison “between Pearson’s test for goodness of fit and another test de- 
vised by Irwin himself.” The very live interest now shown for the newer work 
in English, throughout Northern Europe, and particularly in the Scandinavian 
countries, should certainly reassure Mr. Grove as to the non-existence of such 
intellectual isolation as might obscure the real course of scientific advance. It 
constitutes, also, perhaps the best answer to the theory that there is nothing 
(at least since Mr. Grove’s favourite authorities) new under the sun. 


R. A. FISHER 


A LETTER FROM G. O. IRWIN TO THE EDITOR 


In a review of R. A. Fisher’s “Statistical Methods for Research Workers” 
published in the “American Mathematical Monthly” of December, 1930, Mr. 
Charles C. Grove pays me the compliment of saying that I have devised a test 
for “goodness of fit” which (I quote his words) “appears superior to the Pear- 
sonian test.” 

I feel therefore that it is incumbent on me to say that I have never devised 
any test for “goodness of fit” at all. 

The object of the little paper in the Journal of the Royal Statistical Society 
to which Mr. Grove refers was to make an attempt to clear up the confusion 
which I felt at that time was prevalent between the underlying hypotheses on 
which are based Pearson’s and Fisher’s methods of applying Pearson's test for 
goodness of fit. Pearson’s method was published in 1900 (Phil. Mag.) and 
Fisher’s method of application in 1921 (Journal of the Royal Statistical So- 
ciety). 

It would be interesting if Mr. Grove could tell us how Thiele’s “Fejlkritik” 
anticipated Pearson's x? test. 

Both Pearson's and Fisher’s methods are so well known that I never 
imagined any one would do me the honour of attributing either of them to me. 

I concluded my paper by saying: “These remarks have been made after a 
careful perusal of the available literature on both sides of the question, and it 
is hoped that they may be of use to readers of the “Journal of the Royal Sta- 
tistical Society.” 

This was I think enough to show that I made no claim to originality but that 
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my paper was in the nature of a commentary, which I hoped might be useful, 
on what had been done by others. 
With the reviewer’s estimate of the value of the Scandinavian work I am 
in complete agreement. 
Yours faithfully, 
J.O. Irwin 


PROBLEMS AND SOLUTIONS 


EDITED BY B. F. FINKEL, Otto DUNKEL, AND H. L. OLson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with margins at least one inch wide. 


PROBLEMS FOR SOLUTION 


Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking thestatements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the Monthly. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3491. Proposed by Nathan Altshiller-Court, University of Oklahoma. 

The internal bisectors of the angles subtended by the six edges of a tetrahe- 
dron at the centroid of the tetrahedron are such that the three lines joining the 
points on the pairs of opposite edges are concurrent. 


3492. Proposed by J. B. Reynolds, Lehigh University. 


One hundred circular disks 1/10 in. thick are piled in a cylindrical vertical 
pile which is free to turn about a horizontal fixed axis at its bottom. If the coef- 
ficient of static friction of one disk on another is 1/4, between which two disks 
will sliding first occur as the pile rotates under gravity from a vertical position? 
(Neglect the radius of the disks.) 


3493. Proposed by Paul Wernicke, Washington, D.C. 


An opaque circular circumference with a small transparent gap G rotates 
about its center C with uniform velocity. A luminous point L outside illuminates 
through G a wire soldered to the circumference at two points and forming a 
curve going through C. The point of this curve illuminated by the ray LG is 
always to lie on a perpendicular to CL at C. (a) Give the equation of the curve 
formed by the wire and the points where it is soldered to the circumference, and 
(b) Give the velocity of the illuminated point on CL. 


3494. Proposed by L. M. Graves, The University of Chicago. 


In how many ways can n objects be distributed into k different groups 
Gi, ---, Gi, containing gi, - - - , gx objects, respectively, if m, of the objects are 
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alike, mz are alike, - - - , m, are alike, where 2,'";=n = 2,"g;? For example, in how 
many ways can 100 mathematicians and 300 economists be distributed among 
three hotels containing respectively 500, 300, and 200 rooms? 


3495. Proposed by Mannis Charosh, New Utrecht High School, Brooklyn, N.Y. 


Prove that the ¢(m) integers less than m and prime to it constitute an auto- 
morphic group, with respect to multiplication and reduction to least positive 
residue modulus m. 

Prove that if each member of any group in (1) be multiplied by r (r#m), a 
new group will be formed which will be automorphic and also isomorphic with 
the first group. The modulus in this case is rm. 


3496. Proposed by H. E. Stelson, Kent State College. 


In the triangle ABC, a normal is drawn to the circumcircle cutting the lines 
BC and AC at X and Y respectively. Find the locus of intersection of AX and 
BY. 


3497. Proposed by J. Rosenbaum, Milford, Conn. 


Denoting the coefficients of the expansion of (x+y)", m being a positive in- 
teger, by do, ai, - , dn; find the sum of apo, a3, ds, , @3x, Where (n—2) 


3498. Proposed by Robert E. Moritz, University of Washington. 


There are eight bridge tables, with eight men and eight women from Tacoma 
playing in couples against eight men and eight women from Seattle, also play- 
ing in couples. It is desired to arrange the seating so that each man plays at 
each table once and never has the same partner nor the same opponents twice. 
In other words, no one of the four persons playing a table has played at the same 
table before nor with any of the other three persons at the table. 

Can the seating be arranged, and if so, how? 


3499. Proposed by Otto Dunkel, Washington University. 


In a text on advanced mathematics occurs an argument similar to the fol- 
lowing: By means of the transformation x=$(X, Y), y=W(X, Y), we have 
f(x,y) = F(X, Y). Hence 


OF OF dx OF dy OF aF af af 


Is this reasoning correct, assuming the existence of all the derivatives involved? 


3500. Proposed by Emma Gibson, Spring field High School, Spring field, Mo. 

Show that the primitive of the differential equation, p?(1—x*) =(1—y?) is 
x’?+y?—2Axy=1—A? and derive this equation by taking the sine of the sum of 
two angles, both of which are arcsines. 


| 
ax aX dy AX dy 
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3501. Proposed by E. B. Seitz, from “The Mathematical Visitor.” 


Two points are taken at random within a circle on opposite sides of a given 
diameter, and a third point is taken anywhere within the circle, find t. 2 average 
area of the triangle formed by joining the three points. 


3502. Proposed by B. F. Finkel, Drury College. 


The centroid of a triangle is joined to its vertices and a point is taken at 
random in each of the three parts. Find the average area of the triangle formed 
by joining the three random points. 


UNSOLVED PROBLEMS 
Solutions are requested for the following unsolved problems. 


266 [1917, 288]. Proposed by the late J. L. Riley. 
In how many ways can a given number be polygonal? 


351 [1917, 328]. Proposed by G. Paaswell. 


A transition curve is one such that its curvature varies directly with the 
distance measured along the curve from its point of zero curvature, that is, from 
the tangent. Its intrinsic equation is given by da/ds=ks, the constant being 
determined from the fact that for a given length of transition the final radius of 
curvature, i.e., the radius of the circle into which the transition runs, is given 
together with the length of the transition. In making a turnout from the transi- 
tion curve there is as yet no direct way of computing the functions which would 
completely locate this turnout. In Figure 1, the point of switch is at B and the 
frog point at C. The angle F is given, termed the frog angle, and either the loca- 
tion of C or B is given, whence it is required to find either B or C and the radius 
of the turnout. Note that all these data must be referred finally to the center 
lines of the tracks and not to the individual rails. In attempting approximate 
solutions do not replace the transition by the cubic parabola as that is not always 
a good approximation. (See Crandall, The transition curve for a discussion of the 
properties of this curve.) 


434 [1917, 328; 1918, 119]. Proposed by E. W. Chittenden. 


1 
Evaluate where 
0 


| 
Qn 
The function sgn x = —1, 0, +1 according as x is negative, zero or positive. The 
numbers x, form the series 
2) 4) 4) 8) 8) 8) 


for which the general formula is x, = (2h+1)/2*, where & is the greatest integer 
such that 2*-'<n and h=n—2*"1, 


= 
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Note: This problem is reprinted because of a misprint in the original state- 
ment and also because of a lack of definiteness in the definition of the series of 
values x,. An inquiry has also been received in regard to the origin of the nota- 
tion “sgn x.” This notation seems to be due to Kronecker; cf. Werke, vol. II, p. 
500. 


270 [1917, 389]. Proposed by G. N. Carmichael. 

Does there exist a fraction p/q in its lowest terms such that the ratio of the 
sum of the divisors of » to the sum of the divisors of g is equal to p/q? Give a 
method of finding such fractions not in their lowest terms. 

272 [1917, 427]. Proposed by C. C. Yen, Tangshan, North China. 

How many integers prime to are there in each of the sets: 


(a) 1-2, 2:3, 3-4,--+,n(m+ 1); 
(b) 1-2-3, 2-3-4, 3-4:5,--+, + 1)(m + 2); 
n(n + 1) 
2 2 2 2 
2-3-8: 3-4-5 n(n + 1)(m + 2). 
6 6 6 6 


275 [1917, 467]. Proposed by V. M. Spunar, Chicago, IIl. 
A square, side 2a, is represented by the equation x*+y"=a (n=). Find a 
like formula for an equilateral triangle. 
SOLUTIONS 
3443 [1930, 380]. Proposed by Warren A. Rees, Houston Junior College. 


To construct a quadrilateral, given the four feet of the perpendiculars from 
the point of intersection of the diagonals upon the four sides. , 


Solution by A. Pelletier, Montreal, Canada. 


Let us suppose the problem solved, and let ABCD be the required quadri- 
lateral with the diagonals BD and AC intersecting in O. Let the feet of the per- 
pendiculars from O to AB, BC, CD, DA be A’, B’, C’, D’, respectively. Then 


Z DOC = Z DD'C'’ + ZCB'C' = Z AOB = Z AD'A' Z BB’A’, 
= 180° — 3(Z A’D'C’ + Z A'BC’). 
Also 
Z A'OC’ = Z A'B'C' + Z DOC, 
= 180° — 3(Z A’D'C' — Z A'B'C’). 
Similarly 


Z = 180° — 4 (Z BIC'D’ — Z B’A'D’). 
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The angles A’OC’ and B’OD’ are therefore known, and arcs of circles containing 
these angles can be described on A’C’ and B’D’, respectively, as chords. The 
intersections of these arcs determine O, and the rest of the construction follows 
at once. 


3447 [1930, 381]. Proposed by Vladimir F. Ivanoff, California. 
Prove that 
2R = R,cosa + R,cos8 + R, cos y, 
where R is the radius of curvature of a given curve at the point (x, y, z); Rz, Ry, 
R, are the radii of curvature of the projections of this curve on the co-ordinate 
planes, YOZ, XOZ, and XOY at the points (yi, 2:), (x1, 21), and (x1, y:), re- 
spectively; and a, 8, y are the angles between R and R,, R,, R., respectively. 


Solution by Robert E. Moritz, University of Washington. 


Let A, B, C denote the angles which the direction of R, taken from the point 
(x, y, 2) to the center of curvature, makes with the positive directions of the 
x-, y-, and z-axes respectively: az, B:, @y, By, Yy; &:, Ye the corresponding 
angles for R,, R,, and R., respectively. 

If the equations of the curve are given in terms of the arc-length, s, as para- 
meter, and if differentiation with respect to s be indicated by accents we have the 
well known expressions 


R = + + cos A = Rx", 
which may be written in the equivalent forms, 


(2) cos A = R[y'(y'x" — — — 


with analogous expressions for cos B and cos C. 
It is obvious that the corresponding expressions for R., R,, R:, and their 
direction cosines can be obtained from (1) and (2) by putting successively x, y, 


and z equal to zero. Thus 

— (s,/)4 


with analogous expressions for cos 8, and cos ¥:. 
It is now easy to compute the values of the angles a, 8, and y between R and 
R., R,, and R., respectively. We have 


cos y = cos A cos a, + cos B cos 8, + cosC cos yz, 


whence, on substituting the values given by (2) and (3) we obtain, after proper 
reduction, 


cos y = RR,2(y'x"" x’ y’’)2/(s,’)4; 
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and on substituting the value of R, from (3) we find 
cos y = R(s,’)? = R[(x’)? + (y’)?], Rz cosa = R[(y’)? + (2’)?], 
Ry cos B = R{(2’)? + («’)?]; 
and finally 
R,cosa+ R,cosB + R, cosy = 2R. 

Also solved by V. F. Ivanoff, B. F. Kimball, and Paul Wernicke. 

A Note by the Editors: The formulae in the solution may be simplified. Let 
, uw, v be the direction cosines of the curve, and Aj, 1, ¥1 those for R. Then RX’ 


=),, Ru’ =, Rv’ =v», where the accents mean derivatives with respect to s. 
Also 


R, = + (? — = ROA? + (uid — 
cos y = + (uid — + 
where the same sign is used in both expressions. Hence 
R, cos y = + 2’), 
and, by adding to this the two other similar expressions, we obtain the desired 
result. 


3451 [1930, 447]. Proposed by R. Goormaghtigh, Bruges (Belgium). 


If two conics circumscribed to a triangle are orthogonal at a given point M, 
their tangents at M being the axes of the conic conjugate to the triangle and 
having M as center, the product of their normal chords at M is equal to four 
times the product of their radii of curvature at M. 


Solution by Otto J. Ramler, The Catholic University of America 
Let the equations of three lines in normal form be 


L; = xcos¢@i + ysin gd; — pi = (i = 1, 2, 3). 
Then 


— 
Il 


3 3 
1 1 


are the equations of two conics A and B circumscribing the triangle formed by 

The conditions that the conics A and B be tangent to the y and x axes re- 
spectively, at the origin M, are, 


3 3 
= 0, = 0, 
1 1 


(1) 


3 3 
= 0, = 0 ix j 
1 1 
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The normal chords are then the lengths of the x and y intercepts, and their 
product is readily found to be 


3 3 3 3 
( cos doa; cos Cos sin 6. / sin sin 6x). 
1 1 1 1 


The equations of conics A and B are of the types 


A,x? + 2Bixy + Cry? + 2Dix 
+ 2Boxy + Coy? + = 0. 


II 


The radii of curvature R, and R», at the origin are found to be —D,/C, and 
— E,/ Ao, respectively. 
Hence 


3 3 | 3 
4RiR, = doaip; COS bip; sin / doa: sin $; sin ox: COS COS dx. 
1 1 1 1 
Our problem then reduces to showing that 
3 3 3 3 
cos COS dx: sin sin = doa sin Sin COS @; COS dx. 
1 1 1 1 
The left member equals 
3 3 
1 1 


The right member is obtained by merely interchanging a; and 0; in this result. 
We must therefore show that 


3 3 
1 1 


Transposing all terms to the left member we note that the coefficient of sin ¢, 
cos is 


a,b; sin ¢; cos ¢; + a;b; sin cos — aib; sin cos — a;b; sin cos 


sing; sin ¢; 


II 


cos 


Hence we must prove, taking 7, 7, & in cyclic order only, that 


a; b; 
a; 0b; | 


sing; sing; | 
’ | sin 26, = 0. 


cos cos 
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But from (1) 
1 
pi 


Hence the required relation is equivalent to 


a; 4a 


bi be bs 


sin sin 22 sin 
(2) pi sin po sin do ps sin = 
Picosd; p2cos p3 cos $3 


A conic conjugate to the triangle formed by Zi, Le, L3 has an equation, 


The conditions that this conic shall have the origin as its center and the co- 
ordinate axes as its principal axes, are 


3 3 3 
sin 20; = 0, piki sin = 0, piks cos = 
1 1 1 


These conditions will simultaneously exist only if relation (2) is true. 


3453 [1930, 447]. Proposed by Nathan Altshiller-Court, University of Okla- 
homa. 

Given the radical axis of two circles, their circle of similitude, and the length 
of their line of centers, construct the two circles. 


Solution by Otto J. Ramler, The Catholic University of America 


Let the centers of the required circles be O and O’. Then the distance OO’ is 
known. Call it 2a. Let S,S’ be the centers of similitude. Then the circle of simili- 
tude has O,O’ as inverse points and is orthogonal to the circle on OO’ as a dia- 
meter. Thus the midpoint of OO’ is readily found on the line SS’ produced, i.e., 
the points O and O’ are located. Let the radical axis meet the line SS’ at X. With 
X as center draw the circle orthogonal to the circle of similitude. The lengths of 
the tangents from O and O’ to this circle are the radii of the required circles hav- 
ing O and O’ as centers. 


3454 [1930, 447]. Proposed by M.S. Knebelman, Princeton University. 
Deduce the explicit expression for P(m, n) from the relation 


i=m 


P(m, n) = P(n,m) = >>P(i, n — 1), P(1, 1) = 1, 


i=l 


where m and ” are positive integers. 


— 
; = 0. 
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Solution by Robert E. Moritz, University of Washington 


By definition 
1) P(1, 2) = P(1,”—1) = P(1,n— 2) =--- = P(1,2) = P(1,1) =1, 
i=m i=m—1 
(2) P(m, n) = P(i,n — 1) = >OP(i,n — 1) + P(m,n — 1) = P(m — 1,n) 
i=1 i=1 
+ P(m, n — 1) 


P(m — 2, ) + 2P(m — 1, — 1) + P(m, n — 2) 
P(m — 3,n) + 3P(m — 2,n — 1) + 3P(m — 1,0 — 2) + P(m,n—3) 


= P(m — k,n) + C:P(m —k+i,n-—1)+ C2P(m — k+2,n— 2) 
+ 1,n—k+1) + P(m, n — k) 


Since by definition P(m, n)=P(n, m) there is no loss in generality in assum- 
ing m2n, say m=n+p—1, where p is a positive integer. With this value of m, 
and with k=n—1, equation (2) becomes 


P(m, = P(p, 2) +C: P(p+1,8—1) Pip 

+ CreP(n + p — 2,2) + P(n + p — 1,1) 

P(p —1,) + [P(p,n — 1) + Pip +1," — 2)] 


= P(p—1,n) +CiP(p,m — 1) +C2P(p + 1," — 2) 
+ + p — 3, 2) + Cr, 
because 


+ = Cos, and + — 2,1) = Pin +p — 1,1) = 1. 
On repeating this process k—1 times we obtain 
(4) n) = P(p— k,n) + Ci P(p — k +1," — 1) 
Finally let k= p—1; then 


In (5) put m=2; then 
P(m, 2) = P(1,2)+C; P(2,1) 


. 


348 PROBLEMS AND SOLUTIONS [June-July, 


When n= 3, 
P(m, 3) = P(1, 3) + Cr P(2,2)+C; P(3, 1) 
= P(1,3)+C, [P(1, 2) + P(2,1)] P(3, 1) 
Similarly 


P(m, 4) = P(m, 5) = 


Hence, by induction, 
P(m, n) = = 
Also solved by H. W. Bailey, F. Underwood, and Morgan Ward. 


A Note by Otto Dunkel: The proposer of this problem stated that it was equi- 
valent to the problem of finding the number of ways of making the shortest 
journey from the point (1, 1) to the point (m, n) by going always a number of 
units to the right and then a number of units vertically up, and so on until 
(m, n) is reached. He desired, however, a solution independent of this interpreta- 
tion and derived from the analytical definition of P(m, n). It is easy to see how 
this definition follows from the interpretation. For the paths may be grouped so 
that the 7th group contains all paths from (1, 1) to (4, »—1) and then a journey 
one unit up and (m—17) units to the right. The number of paths in this group is 
P(i, n—1), and the sum of such terms fori=1, 2, - - - mis P(m, n). Also P(m, n) 
= P(n,m) and we naturally define P(1, 1) =1. From this interpretation the solu- 
tion follows directly. For a path may be described by the notation a;d2a3b,b2 
Q4050¢a7b3 - - -, where there are m—1 of the a’s and n—1 of the b’s, each a mean- 
ing a unit to the right, each } a unit up. The total number of paths is then the 
permutations of m+n—2 divided by those of m—1 and those of »—1. In this 
form the problem seems to have appeared some years ago in this Monthly. 

A generation function is often useful in such problems. Let 


k+1 
f(x, k) = YOP(k + 2 — i, i)x, 
i=l 
k+1 
= DP(k +1 — i, + + 2 — — 
i=2 


where (1) and the first line of (2) in the above solution have been used. Then we 
have in turn 


f(x, 1) = 1+ x; f(x, k) = (1 + x)f(x, k — 1); f(x, k) = (14+ x)*. 


Hence 


P(k +2 1) = (, P(m,n) = 
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We may also apply the methods of the difference calculus. Let the difference 
operator A apply to m alone. Then 


AP(m, n) = P(m +1, nm — 1); A‘P(m, n) = P(m + i, n — i); 
n) = P(m+n-— 1,1) =1. 


Integrating once the last equation, we have A*-*P(m, n) =m+f(n)=P(m+n 
—2, 2). From the symmetry of P(m, n) we have f(n) =n+c; but for m+n=3, we 
find P(1, 2)=1=3+c, or c= —2. Integrating now A*’P(m, n)=m+n-—2, we 
have A"*P(m, n) =(m+n—2)®/2+f,(n) =P(m+n-—3, 3), where (m+n—2) 
=(m+n—2)(m+n—3) --- (m+n—1—1). Here fi(m) must be a constant, and 
by setting m-+n=4 we find that the constant is zero. Continuing in this way we 
obtain at the end 


(m + n — 2)(-D m+t+n—2 
P(m, n) = = ( ). 
(7 — 1)! n—1 


3455 [1930, 447]. Proposed by Solomon Kullback, Brooklyn, N. Y. 

A triangle ABC, with AB constant, is inscribed in a circle. On AC and BC, 
construct equilateral triangles, ACD and BCE. Find the locus of the midpoint of 
ED as C moves along the arc ACB. 


Solution by Eugene M. Berry, Lynchburg College 


Let O and R be the circumcenter and circumradius respectively of the tri- 
angle ABC. As C traces the circle (O), the locus of D is a circle with radius R, 
whose center O’ makes an equilateral triangle with A and O; for ZADO=30° 
and subtends the chord OA = R. The locus of E is also an equal circle, whose cen- 
ter O’’ makes an equilateral triangle with B and O. 

There are two loci for each of the points D and E since the triangle ACD may 
be outside or else may overlap the triangle A BC. In any case the circles (O’) and 
(O’’) intersect at the points O and Q, where OO’’QO’ is a parallelogram. Let M 
be the intersection of the two diagonals O’O”’ and OQ. 

Case 1: The triangles ACD and BCE are both outside or both overlap the 
triangle ABC. In this case Q forms an equilateral triangle with A and B, with 
Q and C on the same or opposite sides of A B according as the triangles ACD 
and BCE are both outside or both overlap the triangle ABC; for QA =QB, and 
ZAQO= ZADO=30°, and similarly Z BQO =30°. 

Triangles AQD and ABC are congruent since they have two sides of one 
equal to two sides of the other, and ZADQand ZACB intercept equal arcs on 
equal circles. Hence DO=BC=CE. In like manner, EQ=AC=CD. From this 
we see that DCEQ is a parallelogram whose diagonals are ED and CQ. Hence 
P, the midpoint of ED, is also the midpoint of CQ. As Q is fixed and C describes 
the circle (O), P describes a circle homothetic to (O) with the homothetic ratio 
1/2. Then the center of this circle is at M, the midpoint of OQ and the radius is 
R/2. This case has two solutions. 
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Case 2. Triangle ACD overlaps the triangle ABC while the triangle BCE is 
outside the triangle ABC. 

O0’O"' =AB, for the triangles AOB and O’0’’0 are congruent. DE =AB for the 
triangles ACB and DCE are congruent, also O’’E =O’D, whence O’0"DE is a 
parallelogram. Since M and P are the midpoints of O’O"’ and ED respectively 
we have MP =O0’D=R. That is, P describes a circle whose center is M and whose 
radius is R. 

If triangle ACD is outside and triangle BCE overlaps the triangle ABC we 
get another solution for case 2. This gives us four solutions in all. 

Also solved by W. R. Church, Rufus Crane, H. D. Grossman, F. Underwood, 
Roscoe Woods, and G. A. Yanosik. 


3458 [1930, 508]. Proposed by J. Rosenbaum, Milford, Connecticut. 


In the triangle ABC, a tangent is drawn to the incircle cutting the lines BC 
and AC at X and Y respectively. Find the locus of the intersection of AX and 
BY. 


Solution by H. E. Stelson, Kent State College. 


The solution of this problem is simplified by using trilinear coordinates as 
given in Chapter XIII of C. Smith’s Conic Sections. Let ABC be the triangle of 
reference, then the coordinates of the vertices will be A(1, 0, 0), B(O, 1, 0), C(0, 
0, 1). The equation of the incircle is 


(1) (Pa)"* + + = 0, 


where P=a(s—a), Q=b(s—b), R=c(s—c) and the equation of the tangent X Y 
at any point (a1, 61, y:) on the circle is 


(2) a(P/a)'!? + + y(R/y1)"? = 0. 


Solving (2) with the equation a =0 of the side BC, we have as the coordinates of 
X, (O, (R/¥:)"”, —(Q/B:)"”) and likewise the coordinates of Y are ((R/¥:)!”, 


0, —(P/a)"”). 

The equations of AX and BY are respectively, 
(3) B(y1/R)"!? + y(B:/Q)"/ 
(4) + y(ax/R)'!? 


The intersection, O, of AX and BY has coordinates (a,/P)'/?, (8,/Q)!/”, and 


— (y:/R)!*. Now the line joining the points of tangency of BC and AC has the 
equation 


(5) Pa +08 — Ry = 0. 


0 


0. 


If we substitute the coordinates of O in (5) we have (Pa;)!/?+(Q8;)'"?+(Ry;)!”” 
=0 which is the condition that the point (a, 8;, y:) lie on the incircle. Therefore 
the locus of O is a straight line joining the points of tangency of AC and BC. 
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A Note by the Editors: From Brianchon’s theorem it follows that the two 
diagonals AX, BY of the circumscribed quadrilateral ABX Y and the two chords 
of contact of opposite sides meet in a point. Hence the locus of the intersection 
of AX and BY is the chord of contact of AC and BC. The circle may be replaced 
by an ellipse in this proof. 

Also solved by Frank Ayers, H. A. Do Bell, R. P. Johnson and T. L. Smith, 
A. Pelletier, F. Underwood, A. W. Randall, G. A. Yanosik, and the Proposer. 

3459 [1930, 508]. Proposed by Norman Anning, University of Michigan. 

It is observed that 3003 = (9) =((%). Solve in positive integers the equation 


Solution by F. Underwood, University College, Nottingham, England 

The equation of the problem reduces to 
(1) — 3xy + y? — 2y —1=0. 
Solving this equation for x we obtain 
(2) 2x = 3y +m, m* = Sy* + 8y + 4, 
where m is to be a positive integer. Solving the second equation in (2) for y and 
rejecting the negative root, we find 
(3) Sy = t— 4, # = Sm? — 4, 
where ¢ is to be a positive integer. Solutions of the second equation in (3) which 


are even integers may be obtained by setting m=2r, t=2s; and after this sub- 
stitution the equation reduces to 


(4) Sr? — s? = 1, 


Since y must be an integer, s—2 must be divisible by 5. A simple solution of the 
second equation of (3) in odd integers is given by m=1, t=1, and so the equa- 
tion may be written 


where 7 and s are solutions of 


9 


(5) — st = — 1, 
With the same conditions we may write 

5m? — #2 = S5(s + r)? — (Sr + s)?. 
Hence 


m=str,t=5rts, 


where r and s are solutions of (5). Here, in order that y may be an integer, s +4 
must be divisible by 5. 
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Now, as in Higher Algebra by Hall and Knight, §§369-376, the solutions of 
(4) and (5) depend upon the continued fraction 


5/2 = 24+— — — 
4+ 4+ 4+ 
The convergents for this fraction may be computed from the relations 
Pn 4 -+- Pn-2; dn 4qn-1 + Qn-2; 
or they may be obtained from 
Pn = + B"), Qn = 25-1/2(qn B"), 
a=2+5!/2, B = 2 — 


A few of these are tabulated below in readiness for the last stage of the solution 
pn | 2| 9} 38 | 161 | 682 | 2889 | 12238 
72 | 305| 1292 | 5473 


The odd convergents furnish a solution of (4) r=qon-1, 5=Pon-1; whereas the 
even convergents give a solution of (5). 

Case I. Odd convergents. Solutions of the second equation of (3) are given by 
m =2den-1, t=2pen-1, but they are subject to the restrictions that y and x in 
(2) and (3) must be positive integers such that x is greater than y. For n=1 we 
find r=1, s=2, m=2, t=4, and then y=0, x=1. This may be considered a 
trivial solution of the equation of the problem; it is a solution since 


For n=3 there results r=17, s=38, m=34, t=76, and we have to. reject this 
case since the resulting values of x and y are fractional. For n=5, r= 305, s = 682, 
m= 610, t=1364, leading to the solutions y=272, x=713 and x=103, y=272. 
Only fractional values of x and y result from 1 =7. 

Case II. Even convergents. Solutions are given by m=s+tr, t=5r+s, where 
Y = en, S= pon, but they are subject to the same restrictions as before. For n=2, 
r=4, s=9, and for the pair (m, t) we have the two sets of values (13, 29) and 
(5, 11). The second pair of values for m, t give fractional values for x and y; 
while the first pair gives y=5, x=14, which is the solution mentioned in the 
problem. For »=4, r=72, s=161, (m, t) =(233, 521) and (89, 199). The first 
pair gives fractional values for x and y, but the second pair yields the solution 
y=39, x=103. For n=6, r=1292, s=2889, (m, t) = (4181, 9349) and (1597, 
3571). The second pair gives fractional values, but the first gives the solution 
y = 1869, x = 4894. A table is given below of these solutions including also those 
for n=8, 9, 10. Evidently the method may be used to obtain all the solutions of 
(1) in positive integers. 
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es 1 2 8 4 5 6 7 8 9 10 
x 1 14 — 103 713 4894 — 33551 229969 1576238 
y O 5 — 39 272 1869 — 12815 87840 602069 


A Note by Otto Dunkel: The cases which do not lead to solutions may be 
sorted out before beginning the computation by an examination of the formulae. 
Thus in (2) we must reject the case 2x =3y—™m. For, since m and y are to be 
positive, we must have from the second equation of (2) m>5'y. Hence 
2(v—x) =m—y>(5'?—1)y>0, or y>x. If 2x=3y+m, it is obvious that x is 
greater than y. In order to set aside other useless cases the following theorem will 
be proved: 


With respect to the modulus 5 the following congruences are true 


(1) @ 2, Pere = — 1, — 2, 1, 
wherei=0,1,2,---. 

Proof: We have in general — (mod. 5). Assume 
that the first two congruences of (1) are true. Then pyi+3= — psiye + Paizs = —2; 
=2—-1=1; Paigs =—1-—-2=23 Parse =—2+1=-—1. Now p, =2 and 
p2=9= —1, and hence the theorem is always true. 

Even convergents. When m=s—r, t=5r-—s, 

s+4 s—6 


Hence it is necessary and sufficient to have s=1 (mod 5) in order to have x 
and y integral. Hence the only solutions in this case are given by 


pu + 4 2 
x= + » Sda — Pa = — 1. 
For m=s+r,t=5r+s, we have 


s—4 4s — 6 
5 


= 


Hence it is necessary and sufficient to have s=—1 in order to obtain integral 
values for x and y. The only solutions in this case are given by 


— 4 — 6 2 2 


(3) = 2 4i+2 + — = — 1. 


Odd convergents. Here we have m = 2r, t=2s, and hence 


2(s — 2) 3(s — 2) 


x=r 
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For integral solutions it is necessary and sufficient that s=2 (mod 5). The 
(41+1)th convergents are the only ones which can be used. Hence 
_ — 2) 3(pait1 — 2) 


2 2 


4 
3 5 


It is easily verified that (2), (3), (4) are solutions; for the given equation may 
be written in forms corresponding to each solution, and in these forms the sub- 
stitution is easy: 


Also solved by J. C. Brixey, Paul Capron, P. A. Caris, Rufus Crane, H. E. 
H. Greenleaf, H. G. Green, D. F. Gunder, D. H. Lehmer, R. E. Moritz, A. 
Pelletier, C. A. Rupp, E. E. Whitford, Roscoe Woods, and T. R. C. Wilson. 


3461 [1930, 508]. Proposed by Boyd C. Patterson, Hamilton College. 

Given a triangle A,A:2A3, its circumcircle (QO), and a line L in its plane. To 
prove the following construction of the point P on (O) whose Simson line with 
respect to A,A2A; is parallel to L: through the circumcenter O draw a line OX 
parallel to L. If M is one of the points where OX cuts (O) then P may be located 
by the relation 

arc MP = arc MA, + arc MA:2+ arc MA; (mod 47). 


Solution by A. Pelletier, Montreal, Canada 


Let the feet of the perpendiculars from P, on the circle (OQ), to the sides A,Az, 
A2A3, A3Ai, be R, T, S, respectively; and suppose that R lies outside the seg- 
ment A,A;. Then R, S, T lie on a straight line. Draw the diameter Aj Aj’, 
where A; is the other intersection of PR with (O). Let the diameter M’M be 
parallel to RST, and suppose that it cuts A,A; in V. Join PA; and PA’. Then 
angle V=angle RSA,,=angle RPA,, where the last equality results from the 
fact that P, R, A;, S are concyclic. The angles V and RPA, are measured by 
the arcs 3(A,M’—A;M) and 3A,A3, respectively. Hence the two arcs Aj M’ 
and A;M are equal; also Aj M’ = MA3j’. Hence M is the mid-point of arc A3A3’. 
Also, since A;A¢ is parallel to PA’, the mid-points K and L of the arcs A;A2 and 
PAj' lie on the ends of a diameter. If we consider MA:2A;,P to be in the order 
written, we shall suppose that all arcs are taken in this direction. Then arc 
MA,+arc MA;,=2 arc MK; arc MP+arc MA3’ =2 arc ML; arc ML—arc 
MK arc MAj' =2x%—arc MA3. Combining these results we have 


i= 0, 
1 = 0, 
S|} x—-— =0. 
2 2 


1931] PROBLEMS AND SOLUTIONS 


arc MP = arc MA, + arc MA; + arc MAs3, 


If the reverse direction is used, 47 must be subtracted from the right side. 


3468 [1930, 552]. Proposed by C. A. Rupp, Pennsylvania State College. 


Show that the determinant of ? elements in the upper left corner of the 
Pascal triangle 


has the value unity. 


Solution by H. T. R. Aude, Colgate University 


Denote by D, the determinant in question and by a;; the element in the ith 
row and the jth column. Then from the law of formation for the elements we 
have 


= + Qi-1j;, = = Bi 


Subtract each row of D, from the row following it, beginning the process with 
the last pair of rows. After the m —1 subtractions the above equality shows that 
the element a,;; is replaced by a;;-:, and all the elements, in the first column, 
except a::=1, become zeros. Now subtract each column from the one following 
it, beginning with the last pair. After this process the element a;;_; is replaced 
by a;-1 ;-1, as shown by the above relation. The result of the two operations 
is to replace a;; by a;_; ;-1, and to reduce each element in the first row and in the 
first column, except a;; =1, to zero. Hence D, = D,_,; and consequently 


Dy, = Dri = Dn-2 = = 1. 


Also solved by Frank Ayers, A. G. Clark, F. A. Carey, H. R. Cooley, W. H. 
Erskine, Raymond Garver, H. M. Gehman, R. E. Moritz, Y. V. Maizlish, J. 
Lipschitz, J. H. Neelley, Oscar J. Peterson, A. Pelletier, B. D. Roberts, H. S. 
Thurston, H. E. Stelson, F. Underwood, and the Proposer. 
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NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohio. 


THE SUMMER MEETING OF THE MATHEMATICAL ASSOCIATION 

The summer meeting of the Mathematical Association of America will be 
inaugurated by a joint session of the Association with the Society for the Promo- 
tion of Engineering Education on the evening of Friday, September 4, 1931. 
The officers of the Mathematical Association are glad to be able to present this 
opportunity to its members for meeting the engineering group as they close 
their important summer term which has been already announced in these 
columns (April issue, page 236). There will be two addresses. The first will be 
given by Dean C. S. Slichter of the University of Wisconsin on the subject 
“Some great engineer-mathematicians”; the second will be given by Professor 
W.H. Roever of Washington University on the subject “Some frequently over- 
looked mathematical principles of descriptive geometry.” 

The separate sessions of the Mathematical Association will be held on Mon- 
day afternoon and Tuesday morning, September 7-8. On Monday afternoon 
there will be two addresses, one by Professor E. P. Lane of the University of 
Chicago on “The present situation in projective differential geometry,” and one 
by Professor H. C. Carver of the University of Michigan, by invitation, on a 
topic connected with the mathematical theory of statistics. On Tuesday morn- 
ing there will also be two addresses, one by Professor J. H. Van Vleck of the 
University of Wisconsin, by invitation, on the topic “Some mathematical as- 
pects of the new physics” ; the second will be the retiring presidential address by 
President J. W. Young of Dartmouth College on the topic “Functions of the 
Mathematical Association of America.” The complete program and full details 
of the meeting, together with reservation cards, will be sent to members of the 
Association in July. 

The program of the American Mathematical Society provides for meetings 
on Tuesday afternoon, Wednesday morning and afternoon, and Thursday and 
Friday mornings. The Colloquium Lectures by Professor Marston Morse of 
Harvard University have been tentatively scheduled for Tuesday afternoon and 
Wednesday, Thursday, and Friday mornings. There will be an address on 
“Ideals in linear algebras” by Professor C. C. MacDuffee of Ohio State Univer- 
sity; and other addresses may be arranged. 

A joint dinner of the Association and the Society will be held on Wednesday 
evening at the Minneapolis Automobile Club. On Thursday afternoon an excur- 
sion will be made by busses or private cars to the Chisago Lakes and Taylors 
Falls, where time will be allowed for an inspection of the geological formations 
and for a short trip by motor boat through the Dalles of the Sainte Croix. 

Accommodations for members of the Society and their guests will be fur- 
nished in Sanford Hall, one of the women’s dormitories of the University of 
Minnesota. Provided the room is engaged for a minimum of three days, the 
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charge for a single room will be $1.50 per person per day, and $1.00 per person 
when the room is occupied by two. Suitable arrangements can be made for 
families with children. Members residing at Sanford Hall and others who desire 
will be served with meals at the following rates: Breakfast 50 cents, Luncheon 
75 cents, Dinner 75 cents. Members who reside at Sanford Hall and who drive 
their automobiles to the meeting will find it convenient to store their cars at the 
Minnesota Garage, where a special rate of 50 cents for twenty-four hours will 
be granted on presentation of their registration cards. The Chairman of the 
Committee on Arrangements will be glad to recommend hotels to those who ask 
him for such information. 

Requests for information concerning accommodations and opportunities for 
vacation in northern Wisconsih and Minnesota should be addressed to Professor 
Raymond W. Brink, University of Minnesota, Minneapolis, Minnesota. 


Professor R. R. Fleet represented the Mathematical Association of America 
at the inauguration of President Robert H. Ruff of Central College, Fayette, 
Missouri, May 25, 1931. 


At Purdue University the Departments of Mathematics and Physics 
sponsored a series of lectures during 1930-31 on topics of current interest in 
these two fields. The lectures, given by members of the staffs of the two de- 
partments, were not highly technical but were designed to be within the grasp 
of the intelligent layman, with opportunity for questions and discussion at the 
close. Attendance and interest were highly satisfactory, and it is quite probable 
that a similar series will be given in 1931-32. 

The lectures given were: 

November 17—“Integers and Related Problems” by Professor Mason. 


December 2—“Johannes Kepler, 1571-1630. Three Hundred Years of 
Astronomy” by Professor Lark-Horovitz. 

December 15—“The Mathematics of Life Insurance” by Professor Zehring. 

January 12—“Einstein’s Universe’”’ by Professor Akeley. 

February 2—‘“ Mathematics and the Scheme of Things” by Professor Graves. 

February 16—“What Light Tells of Atoms and Stars” by Dr. Walerstein. 

March 2—“Airplane and Glider” by Professor Maier. 

March 16—“Television” by Professor Abbott. 


The first issue of “Physics,” a new monthly publication sponsored by The 
American Physical Society, will appear in July, 1931. The editor will be Pro- 
fessor John T. Tate of the University of Minnesota. An announcement made by 
the American Physical Society contains the following paragraphs: 

“Physics, as every science, has two aspects—an internal and an external. 
The one emphasizes that fascinating interplay and correlation between ele- 
mentary phenomena around which the logical framework of the science is con- 
structed. The other reveals physics in its réle as the basic natural science, whose 
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discoveries have revolutionized industry and with it the material aspects of our 
civilization.” 

“The American Physical Society feels its responsibility for providing ade- 
quate publication facilities for both aspects of physics. As a natural develop- 
ment the ‘Physical Review’ has become the foremost exponent in the United 
States of the introspective side of physics. To care in an equally adequate man- 
ner for the more general and external aspects of physics the American Physical 
Society is now sponsoring the publication of a new monthly journal.” 

“Tt is intended that ‘Physics’ shall be devoted primarily to the réle which 
physics plays as the science basic to other natural sciences and to the arts and 
industries. It will not compete with the more specialized Journals of the Optical 
Society, the Acoustical Society of America or the Society of Rheology but in 
conjunction with them will round out the whole field.” 


Professor B. A. Bernstein, of the University of California, has been granted 
leave of absence from July to December to complete papers on the foundations 
of mathematics and a book on the algebra of logic. 


Dr. K. Lanczos, professor of mathematics at the University of Frankfort, 


will be a visiting professor of mathematics at Purdue University during the year 
1931-32. 


DOCTORATES IN 1930 


The following eighty doctorates with mathematics or mathematical physics 
as major subject were conferred during 1930 in universities in the United States 
and Canada; the major subject is mathematics unless otherwise specified. The 
university, month in which the degree was conferred, minor subject (other than 
mathematics), and title of dissertation are given in each case if available. 


Virgil Adkinsson, Pennsylvania, June, Cyclically connected continuous curves 
whose complementary domain boundaries are homeomorphic, preserving branch 
points. 


R. P. Agnew, Cornell, June, minor in physics, The behavior of bounds and 
oscillations of sequences of functions under regular transformations. 


Rose L. Anderson, Bryn Mawr, June, minor in physics, A problem in the 
simultaneous reduction of two quadratic forms in infinitely many variables. 


C. A. Andree, Wisconsin, June, major in electrical engineering physics, 
minor in mathematics, An impact strain recorder. 


J. V. Atanasoff, Wisconsin, June, major in mathematical physics, minor in 
mathematics, The dielectric constant of helium. 


R. F. Bacher, Michigan, June, Tne Zeeman effect of hyperfine structure. 


E. B. Baker, Michigan, June, The application of the Fermi statistics to the 
calculation of the potential distribution of positive ions. 


1931] NOTES AND NEWS 359 


C. F. Bowles, Chicago, August, Integral surfaces of pairs of differential equa- 
tions of the third order. 


M. G. Boyce, Chicago, March, An envelope theorem and necessary conditions 
for a problem of Mayer with variable end-points. 


Leonard Bristow, Illinois, May, minor in physics. Expansion theory associ- 
ated with linear differential equations and their regular singular points. 


L. H. Bunyan, Wisconsin, June, A transformation of a certain integral equa- 
tion and a theorem concerning an integro-differential equation. 


J. H. Bushey, Michigan, June, Asymptotic expressions for a certain class of 
definite integrals. 


Hung Chi Chang, Michigan, June, Transformation of linear partial dif- 
ferential equations. 


C. M. Cleveland, Texas, June, minor in physics, On the existence of acyclic 
continuous curves satisfying certain conditions with respect to a given continuous 
curve. 


J. B. Coleman, California, May, Concerning the irreducibility of the character- 
istic equation of a ternary continued fraction. 


Elizabeth M. Cooper, Illinois, June, minor in physics, Perspective elliptic 
curves. 


J. J. Corliss, Michigan, June, On the unsymmetric top. 


A. E. Currier, Harvard, June, The problem of the calculus of variations in 
m-space with end points variable on two manifolds. 


E. H. Cutler, Harvard, June, Some properties of general subspaces of a 
Riemann space. 


M. N. Davis, Wisconsin, June, major in physics, minor in mathematics. A 
study and partial explanation of the emission of secondary electrons from cobalt. 


E. H. Dixon, Wisconsin, June, major in physics, minor in mathematics, 
The photoelectric and thermionic properties of rhodium. 


L. H. Donnell, Michigan, June, Some examples of mechanical wave trans- 
mission. 


J. L. Dorroh, Texas, June, minor in physics, Some metrical properties of de- 
scriptive planes. 


W. L. Duren, Jr., Chicago, August, The development of sufficient conditions 
in the calculus of variations. 


W.H. Durfee, Cornell, February, minor in physics, Summation factors which 
are powers of a complex variable. 


L. A. Dye, Cornell, June, minor in physics, Involutorial transformation in S3 
of order n with an (n—1)-fold line. 
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G. L. Edgett, Illinois, August, minor in astronomy, Frequency distributions 
with given statistics which are not all moments. 


C. M. Erikson, Michigan, June, Systems of linear difference equations with 
constant coefficients. 


O. J. Farrell, Harvard, June, (1). On the expansion of harmonic functions in 
terms of harmonic polynomials; (2). On approximation to an arbitrary function of 
a complex variable by polynomials. 


E. J. Finan, Ohio State, August, Determination of the domains of integrity of 
the complete rational matric algebra of order four. 


W. W. Flexner, Princeton, June, On topological manifolds. 


H. L. Garabedian, Princeton, June, On the relation between certain methods of 
summabtlity. 


B. P. Gill, Columbia, July, An analogue for analytic functions of the Thue- 
Siegel theorem. 


Beatrice L. Hagen, Chicago, August, Quintuples of three dimensional varie- 
ties in a four-dimensional linear space. 


Frances Harshbarger, Illinois, May, minor in physics, The geometric con- 
figuration defined by a special algebraic relation of genus four. 


R. N. Haskell, Rice, June, minor in mathematical physics, The mixed 
boundary value problem for Laplace’s equation, in the plane. 


G. A. Hedlund, Harvard, June, (1), Geodesics on a two-dimensional Rie- 
mannian manifold with periodic coefficients; (2) Poincaré’s rotation number and 
Morse’s type number. 


V. A. Hoyle, Princeton, June, Some problems in conformal geometry. 


H. K. Hughes, Michigan, June, On the analytical extension of functions de- 
fined by factorial series. 


Aline Huke, Chicago, March, An historical and critical study of the funda- 
mental lemma in the calculus of variations. 


F. C. Jonah, Brown, October, The Green’s matrix and expansion problem for 
systems of integro-differential equations. 


T. H. Kiang, Harvard, June, Existence of critical points of harmonic functions 
of three variables. 


Edna E. Kramer, Columbia, June, On the Laguerre group and allied topics. 


C. C. Krieger, Toronto, June, minor in the theory of relativity, (1), On the 
summability of trigonometrical series with localized properties; (2) On Fourier 
constants and convergence factors of double Fourier series. 
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H. I. Lane, Cornell, September, The separation of the projective plane by the 
lines joining six points. 


Voris Latshaw, Indiana, June, minor in physics, The algebra of self-adjoint 
boundary value problems. 


D. H. Lehmer, Brown, June, An extended theory of Lucas’ functions. 


C. N. Liu, Harvard, June, Contributions to the restricted problem of three 
bodies. 

Shu Ting Liu, Michigan, June, Theory of periodic orbits for asteroids of 
integral types. 


W. H. McEwen, Minnesota, July, minor in physics, Problems of closest ap- 
proximation connected with the solution of linear differential equations. 


E. J. McShane, Chicago, June, Semt-continuity in the calculus of variations, 
and absolute minima for isoperimetric problems. 


C. W. Mendel, Chicago, June, Contributions to the projective differential 
geometry of hyperspace. 

C. A. Messick, Chicago, August, Symmetric functions of infinitely many 
elements. 


E. W. Miller, Michigan, June, Concerning subsets of a continuous curve 
which lie on an arc of the continuous curve. 


Ethel I. Moody, Cornell, June, minor in philosophy, A Cremona group of 
order thirty-two of cubic transformations in three dimensional space. 


G. C. Munro, Michigan, June, Systems of linear partial differential equations 
with constant coefficients. 


Alexander Oppenheim, Chicago, June, The minima of indefinite quaternary 
quadratic forms. 


T. S. Peterson, Ohio State, June, The invariant theory of functional forms 
under the group of linear functional transformations of the third kind. 


O. H. Rechard, Wisconsin, June, minor in philosophy, The expansion prob- 
lem associated with a class of ordinary differential boundary-value problems. 


D. P. Richardson, Chicago, August, Quadratic Cremona transformations of 
five-dimensional space. 


D. A. F. Robinson, Chicago, June, Fourier expansions of pseudo doubly 
periodic functions with applicaiions. 


Ragner Rollefson, Wisconsin, June, major in physics, minor in mathematics, 
The continuous and band spectrum of mercury. 


L. R. Salvosa, Michigan, June, Generalizations of the normal curve of error. 
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H. W. Sibert, Cincinnati, June, Moderately thick plates with plane faces. 


R. G. Smith, Kansas, June, minor in physics, A canonical form for the dif- 
ferential equations of curves in n-dimensional space. 


Elizabeth T. Stafford, Wisconsin, June, Matrices conjugate to a given matrix 
with respect to its minimum equation. 


G. W. Starcher, Illinois, May, minor in physics, On identities arising from 
solutions of q-difference equations and some interpretations in number theory. 


H. E. Stetson, Iowa, February, minor in physics, Double function space. 


C. W. Strom, Illinois, June, minor in physics, On complete systems under 
certain finite groups. 


Mildred E. Taylor, Illinois, August, minor in physics, A determination of 
the types of planar Cremona transformations with not more than 9 F-points. 


H. P. Thielman, Ohio State, June (1), On new integral addition theorems for 
Bessel functions and series of the hypergeometric type; (2), The application of func- 
tional operations to a class of integral equations occurring in physics. 


W.R. Thompson, Yale, June, The possible forms of discriminants of alge- 
braic fields. 


R. S. Underwood, Chicago, June, On universal quadratic null forms in five 
variables. 


Charles Wexler, Harvard, June, On the theory of quadratic fields. 
J. H. C. Whitehead, Princeton, June, The representation of projective space. 


F. L. Wren, Chicago, March, A new theory of parametric problems in the 
calculus of variations. 


H. M. Yarbrough, Indiana, June, minor in astronomy, Linear cyclic groups 
with given fundamental region. 


R. C. Yates, Johns Hopkins, June, The small vibrations of certain mechanical 
systems. 


J. Yerushalmy, Johns Hopkins, June, The construction of equianharmonic 
cubics. 


L. A. Young, Michigan, June, The Wentzler-Brioullin-Kramers approxi- 
mate solution of the Schridinger wave equation. 
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The Carus Mathematical Monographs 


HE CARUS MONOGRAPH COMMITTEE is pleased to announce that the 

first edition of Number Four is well advanced in sales and that each 
of the others has gone into a second edition; also that a German Edition 
of Number One is being brought out by the firm of Teubner in Leipzig and 
Berlin. The titles of the monographs are: (1) “Calculus of Variations’’ by 
Professor GILBERT A. BLIss; (2) “Analytic Functions of a Complex Vari- 
able” by Professor DAvip R. Curtiss; (3) “Mathematics of Statistics” by 
Professor HENRY L. RIETZ; “‘Projective Geometry,” by Professor JOHN W. 
YOUNG. 


The price of these Monographs is $1.25 per copy to institutional and indi- 
vidual members of the Association when ordered directly through the 
Secretary, one copy to each member; this is the bare cost of production. The 
price to all non-members of the Association and for all quantity orders for 
class use is $2.00 per copy, obtained only through the Open Court Publish- 
ing Company, 337 East Chicago Avenue, Chicago, Illinois, distributors to 
the general public of Association publications. . 


The Rhind 
Mathematical Papyrus is Published 


Individual and institutional members may procure copies at 
$15.00 per set through Secretary Cairns at Oberlin, Ohio. 
All others must order through the Open Court Publishing 
Company, 339 E. Chicago Avenue, Chicago, IIl., at $20.00 
per set. 


IT Is A MAGNIFICENT WORK and should be in every college 
library. The edition is absolutely limited. One-third of 
the sets are already sold, and no more will be available 
when this edition is exhausted. 


= 
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CONTENTS 


The Mathematical Association of America. A List of New Members.... 301 
The March Meeting of the Southern California Section. By P. H. Daus 302 
The March Meeting of the Michigan Section. By Louis A. HopKINs... 303 


The Human Aspect in the Early History of The American Mathematical 


QUESTIONS AND Discussions: “Calculation of numerical roots” by IRWIN 
Roman; “On the characteristic equations of products of square 
matrices” by H. S. THurston; “A well known theorem of integral 
calculus” by H. 1. and J. D. 320 


RECENT PUBLICATIONS: New Books Received—Reviews by J. TAMARKIN, 
J. I. HutcHINsoN, CHARLES F. Roos, NATHAN ALTSHILLER-COURT, 
Davip EUGENE SmiTH, S. B. C. F. Craic—Letters 
to the Editor from R. A. FIsHER and J. O. IRWIN............... 326 


PROBLEMS AND SOLUTIONS: Problems for Solution—3491—3502. Unsolved 
Problems. Solutions—3443, 3447, 3451, 3453, 3454, 3455, 3458, 3459, 


DIRECTORY 


EDITORIAL CORRESPONDENCE should be addressed to the Epitor-In-Cuier, W. H. 
Bussey, 106 Folwell Hall, University of Minnesota, Minneapolis, Minn. 

BOOKS FOR REVIEW should be addressed to R. A. Jounson, Brooklyn College, 66 Court 
Street, Brooklyn, N.Y. 

BUSINESS CORRESPONDENCE should be addressed to the SecRETARY-TREASURER of 
the Association, W. D. Carrns, 33 Peters Hall, Oberlin, Ohio. 

CHANGE OF ADDRESS: Members should send notice of any change of address to the 
SECRETARY-TREASURER, W. D. Carrns, Oberlin, Ohio, before the 10th of each month. 


MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Fifteenth Summer Meeting of the Association, Minneapolis, Minnesota, Sept. 7-8, 1931. 


The following is a list of the sections of the Association, with dates of those section 
meetings which have been scheduled for 1931. 


Iturnots, Peoria, May 1-2. Missourt, St. Louis, November. 
InpIANA, Muncie, May 1-2. NesrASKA, Lincoln, May. 
Iowa, Davenport, May 1-2. Ou10, Columbus, April 2. 
Kansas, Topeka, Jan. 24. PHILADELPHIA, Philadelphia, Nov. 28. 
Kentucky, Lexington, May 9. Rocky Mountain, Boulder, Colo., April 
Natchitoches, La., 17-18. 
March 13-14. SouTHEASTERN, Auburn, Ala., April 24-25. 
MARYLAND-DIstrict OF COLUMBIA-VIRGINIA, SOUTHERN CALIFORNIA, Occidental College, 
Richmond, Va., May 9. Los Angeles, March 21. 
MicuicaAn, Ann Arbor, March 21. 
Minnesota, St. John’s University, College- Texas, Fort Worth, Jan. 31. 


ville, May 16. 


AFFILIATED ORGANIZATIONS: THE NEw ENGLAND ASSOCIATION OF TEACHERS OF MATHEMATICS, 
Tue NATIONAL CoUNCIL OF TEACHERS OF MATHEMATICS. 
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THE DECEMBER MEETING OF THE MARYLAND-VIRGINIA- 
DISTRICT OF COLUMBIA SECTION 


The twenty-eighth regular meeting of the Maryland-Virginia-District of 
Columbia Section of the Mathematical Association of America was held at 
American University, Washington, D.C., on Saturday, December 13, 1930. Ses- 
sions were held in the morning and in the afternoon; Professor Clara L. Bacon, 
chairman of the Section, presided at both sessions. 

Seventy persons attended the meeting, including the following thirty-nine 
members of the Association: O. S. Adams, Beatrice Aitchison, G. F. Alrich, 
R. N. Ashmun, Clara L. Bacon, G. A. Bingley, J. G. Burke, G. R. Clements, 
Abraham Cohen, Alexander Dillingham, J. A. Duerksen, P. J. Federico, Michael 
Goldberg, Harry Gwinner, W. M. Hamilton, F. E. Johnston, L. M. Kells, 
W. D. Lambert, Florence M. Mears, Eugenie M. Morenus, W. K. Morrill, 
F. D. Murnaghan, O. J. Ramler, C. H. Rawlins, Jr., W. F. Reynolds, J. N. 
.. H. M. Robert, Jr., R. E. Root, W. F. Shenton, J. H. Taylor, John Tyler, 

W. J. Wallis, F. M. Weida, C. H. Wheeler, III, John Williamson, G. Whyburn 
E. W. Woolard, R. C. Yates, Oscar Zariski. 

Preceding the afternoon session, a business meeting was held. A nominating 
committee, to report at the next meeting, was appointed, as follows: W. D. Lam- 
bert, chairman, A. Cohen and J. B. Scarborough. It was decided that the custom 
of having a luncheon provided for those attending the meetings of the Section 
should be abandoned, and that in the future each individual should personally 
bear the expense of his own luncheon, but that arrangements should be made for 
the group to have luncheon together. Appreciation of the hospitality accorded 
the Section by American University was expressed. An invitation from Professor 
C. H. Wheeler, III to hold the next meeting at the University of Richmond, Va., 
and to be guests of the University, was accepted. 

At the morning session the following four papers were presented: 

1. “An engineer’s method of solving cubic and quartic equations” by Harry 
Gwinner, University of Maryland. 

2. “Small vibrations of particles in systems analogous to certain organic 
compounds” by R. C. Yates, The Johns Hopkins University. 

3. “Integral powers of Bazin’s matrix” by J. Williamson, The Johns Hop- 
kins University. 

4. “Some naval tactics in analytic geometry” by C. H. Rawlins, Jr., Post- 
graduate School, U.S. Naval Academy. 


An abstract of the second of these papers follows: 


2. The dynamics of various systems of particles were studied with the pur- 
pose of determining the characteristic properties of the homopolar chemical bond. 
The equations of motion were set up and fundamental frequencies found and 
compared with Raman data of representative organic compounds. Certain pro- 
portionality (force) constants were calculated, and resulting wave numbers for 
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